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and the electric current density
i= (V2= /3T (/) ne™E™ | ™M} (mp)™. (19)

Fmally, for eEf > (u/m)i/ 2kT the second term in the expression for Az predominates, and Az =
2p°m/150 2,
In this case* we obtain for the distribution function the value

fo~ exp {— p®/ 15 mpkT (eEL)’}

and for the current density

2T (/) ne'hE'ls
315V 7 (N o)™ (mu2eT)'le (20)

These formulas contain the unknown parameters A, o, the effective mass m, and also the number of
electrons per unit volume n. If it were possible to perform measurements in all three ranges of electric
field dependence, all of these unknown parameters could be determined. It should be remembered, how-
ever, that the magnitudes of the parameters can cause overlapping of the phonon and roton regions and
thereby complicate somewhat the interpretation of the experimental results. For example, the condition
(u/m)i/ %XT « eE{ corresponds to eEf > A, and the creation of several rotons, as well as phonons,
can accompany the scattering of electrons by a roton. In this case the dependence (17) will be observed
in place of (20). Experimental investigation of the behavior of particles of small effective mass in He I
would be of definite interest.

I would like to express my deep gratitude to L. D. Landau and I. M. Khalatnikov for their helpful dis-
cussions of this work.

1 Beenakker, Taconis, Lynton, Dokoupil and VanSoest, Physica 18, 433 (1952).
2V, N. Zharkov and I. M. Khalatnikov, Dokl. Akad. Nauk SSSR 98, 1007 (1953).
3B. 1. Davydov, J. Exptl. Theoret. Phys. (U.S.S.R.) 6, 463 (1936); 7, 471, 1069 (1937).
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Thermal convection which arises above the limit of stability is investigated for a plane liquid

layer. A dependence of the amplitude of motion on a parameter which characterizes the de-
parture from critical conditions has been obtained. Possible symmetry of the flow is discussed.

?.n analogous situation can in principle arise for the scattering of electrons by heavy atoms. Here an
~E%¥?3 dependence for the current is also obtained, but with different numerical coefficients; this is un-
derstandable, since A, is different for ions. In this case, however, the electrons have sufficient energy
for ionization, which must be taken into account.
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HEAT transfer in a plane liquid layer with constant temperature gradient was studied experimentally
by Benard,! who showed that for certain values of a downward-directed temperature gradient pure ther-
mal conduction is replaced by convection with certain characteristics in a stationary mode; the flow is
divided among regular vertical hexagonal prisms and thus possesses hexagonal symmetry. The critical
gradient at which convection occurs has been calculated in several papers (see Ref. 2), but the utilization
of linearized hydrodynamic equations permitted the determination of only the magnitude of the periods.
The determination of the symmetry and amplitude of the motion for supercritical gradients requires study
of the nonlinear equations. The present paper presents the results of such an investigation for modes
close to the critical value.

A plane horizontal liquid layer of thickness h is bounded above and below by two planes between
which a constant temperature difference is maintained. The boundary conditions can be taken in three
forms: (a) two rigid planes, (b) one rigid plane and one free surface, and (c) two free surfaces. The last
case is distinguished by the simplicity of its equations. Benard’s experiments were performed under
conditions (b). We shall write the basic equations of stationary convection as follows (see Ref. 3):

(W) v=——120 —ggotrAv, divv=0, (VV)— Ao, = 7Ab. @

Here p and 0 are small deviations, due to convection, from the equilibrium pressure P and tempera-
ture T:

P=p,—pgz+p; T=—A2z+T,+6,
v is the velocity of the motion; B= —p~Y(0 p/dT )p. The boundary conditions at the rigid surface are:
6=0, v,=0; 0v,/02=0 (vx=10,=0), (1a)
and at the free surface:
0=0; v,=0; 0%,/022=0 (0x=0y,=0). (1b)

For convenience we shall retain the vector notation only for variables in the horizontal plane
X =(X,y), separating the z coordinate; for all quantities we shall employ a Fourier expansion in these
variables:

v(t, Y 2) = Ev (2) ek (2)

and similarly for v,, p and 6. By virtue of the boundary conditions vy, = 0. The velocity v (z) is re-
solved into components which are parallel and perpendicular to the wave vector k:

Vi = Vi, -+ k (kvy) / k2.

The second and third equations of (1) become

i (kvy) 4 dop, /dz =0, 3)
(i #)ont Ao = 3 {i v b+ (0w (@)

Eliminating the pressure in the first equation,

1 v [d2 dv,, i \ . ) 4 , .
o= <Ez‘é —k2> = T k,}kth {‘ (kvi) (kvir) + (vwa(kve ))} ,
we also obtain

—v(G—#) ot pgn= X fe[i i) ow

h’4+h"=R

+ o5 (O )| 1 25 [ (kvir) (kvie) + 3 (0w (kvic)) |} ®
v (;;‘}— kz) Vi = hl+§=h {i (kvy) [Vk" _ k) (l:;k") ] + d% (Uh’z [vk" _k (k;"") D} . (6)
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Finally, we give the equations for the Fourier components with k = 0:

5 40 d . 14 d
dzzo Z(Ukz -); az { Yo hzvkzv—k = 0; —p—_dgzg = ‘Bgﬁo—E'Z(vk’zU—-k’z)-
Before proceeding to study the equations which have been derived we shall determine the vectors k
of the Fourier series (2). As was shown by the investigation of stability in Ref. 2, when the critical tem-

perature gradient is attained there arises convective motion of the form

1( z)eikx with a certain value k = k(, which depends on the experimental con- AVA
ditions (a, b or c). In (2), and similarly in the expansions for v, and 6, we ﬂ

shall call vy, with k =k, the principal term. It is easy to determine all = VAV
such vectors of the flow. Indeed, as can be seen from (3)—(6), corrections

to the principal terms with k =k, will consist of terms with wave vectors

which are again equal in magnitude to k. Therefore, if (2) contains a term a b

with the wave vector k(|k|= =Kg) there must also be terms with the vectors

a and b (a =b = ky), thus formmg the equilateral triangle of Fig. a. It is clear that there are altogether
six such vectors «,a,b, K, a, b, which are represented together in Fig. b. The Fourier components which
are thus designated, for all quantities, comprise the set of principal terms of the solution; the remaining
terms correspond to wave vectors representing various sums of the six principal vectors and will be

small for temperature gradients near the critical value.
We shall write the principal terms in the form

viz=X;[(2); b= Xip(2),

where?

{(@ dz? —=2)° + (ABgg [} [ (2) = 0; o (2) = (v/%3Bg) (d* ] dz* —x2)*f (2). (M)

It will be sufficient hereinafter to confine ourselves to terms of the third order in X, i.e., to take into
account all triple combinations of the principal vectors. This means that all quantities vi, and 6 can
be obtained up to terms of the second order in X; in other words, in addition to the corrections 6V, and
60, (and similarly for a, b etc.) to the expressions in (7), it is necessary to obtain the Fourier compo-
nents for the velocities and temperature corresponding to wave vectors each of which is a sum of two
principal vectors; for example f =k + b, 2k, o etc. We note that by virtue of the equation of continuity
(3) expressions of the form (qvl) in (4) and (5) can be rewritten as

(qv1) = (qV2) -+ i (ql) (2 dvy, | d.

From (6) it follows, to terms of the second order, that

YT k") @)K [ [, o (1K) QO Oy
V(dzz l >(qvl) =1 h,_l_zk,_l {[ g 1272 ][EE (Uk/z & z)_ Tz ]} .

Substituting the express1ons in (7) we see that for all required £ and q the right-hand side vanishes.
Second-order terms in ( qu) vanish so that in (4) and (5) we can write

(qvi) —i(ql) [2 dv;. ] dz.
For brevity we introduce the notation

Dy = (d® ] dz2 — ).

From (4) and (5), including third-order terms in X, we obtain

; k2 A8g 1 2 [d (kk’) dvh’z A d (kk’) doy,
D} =y 2 Difgeut) =GR 15 5 (e[ o) — G2 20
Xy X i dz BT } xv e dz \TRETRZ k? 4z z]
(kk”) d [(kk’) DOprp d0ye, g de (8)
+ % ZE[ EE dz dz _E'é(vh’z dz )] :

The magnitude of the dimensionless parameter y = Ath‘/x v determines the possibility of the existence
of stationary convective motion. The critical value v, at which instability arises? is for two rigid sur-
faces = 1708, for one free surface = 1100 and for two free surfaces = 657. We shall write (8) for the «
component as follows:

D: By -+ Yol = — ATex —+ Ry (6%)
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where R, (6%) is the right-hand side of (8) and Ay =<y —7,. The homogeneous equation has the solution
¢(z), with v, possessing the same meaning. The condition

VF (R (09) — AfB,} dz = 0, ©

which is required for the solution of (8), leads to the determination of the amplitude of motion X. This
condition has the form

xZ Ay 1 d (k') dop Ax} d (vk") 40
(;[—4 Xng(‘pdz = Y%(Di f) 2 {EE (Uh'z ekw)_W dzz eh"} dz + Fgf E"I {TZ (Uh'z Uknz) —_— W Fz_gvk.z} dZ
KR —x RI4-h"=x
A Cdf (kk")1 d /. vy, (kk") dvy, , dvys,
+Egﬁk,§"=x{ I [E("h’z dz )‘ KT dz dz ]}dz'

Second-order terms in X drop out, as is shown by substitution of (7) into the right-hand side;* for
the purpose of calculating third-order terms it is necessary to obtain the corrections to v, and 6. Such
corrections appear for the following quantities (see Fig. b):

o = X5 Xoky (2); 30y = X2 Xoy (2); 807 = XoXoa (27 805 = XaXuks (2); 80px = X255 (2);

08p = (| Xa P+ | Xa i+ | Xu[?) 84 (2). S0gz = X';’Xx"ll (2); Bupy = X';X,ml (2); vz = Xy Xpms (2);
005z = Xy Xa2 (2); 00sx = Xiing (2)-
Using these designations (9) becomes

B (D dz = ( Xa 41 X5 ) { {35 IDFF (n+ 1) 4 2F DFmal — IO (5 + o+ 80) — L 1Y G — &y 28} d2

1P [ A 177 — PP+ 50 (P — D2y — & 2 (D) ]} 2
where primes denote differentiation with respect to z. Two other equations are then obtained directly by
the substitutions: k—a, a—b, b—«, or k—b, a—k, b—a.

The solution of these equations is obviously IXKI = IXa| = |Xb| ; the amplitude of convective motion is
then proportional to the square root of the parameter A . which characterizes the supercritical heat
transfer mode. But our equations contain only the absolute value of X so that the phase relation cannot
be determined. It is clear how this has come about: when we write (9) for 6,, say, we must select in R
all combinations corresponding to any three principal vectors whose vector sum is x. It is easily seen
from the figure that any such combination must be of the form X,CIXiI2 so that X, is cancelled and (10)
contains only the square of the modulus of X. Fourth-order terms in X in (9) obviously drop out. In the
fifth order it is possible to obtain a combination which is not proportional to X, : the sum 2a +2b +K in
the right-hand side gives a term which is proportional to X~ X;X% .Writing X = |X] eld, we obtain be-
cause of the reality of the coefficients the following phase relation:

8o+ 8 — 8, =0, =/2.
In the first case it is possible to make all phases equal to zero by shifting the coordinate origin. The
principal term in the solution becomes
(% Ay % 3 % 3
0r=B (L)1 () Y 5L {eosxay + cos % (5+V30) + cos (v —V 30} (11a)

where the y axis is parallel to k. This solution possesses hexagonal symmetry; in the (x, y) plane it
represents a periodic structure of regular hexagonal prisms of the length 4w/, along each side of the
base; the liquid flows upward at the center of each prism and downward along the walls.?

In the second case, with a suitable choice of the coordinate origin, the solution can be written as
follows:

v,=B (—f—) f () Vzg {sin 12"— (¥ +V 3x) +sin —KZ"— (y — V 3x) —sin xoy}. (11b)

This flow permits three-fold rotations around the vertical axis (the z axis) and is symmetric with re-
spect to the x axis, but changes sign with the substitution y— —y. In the horizontal plane it breaks up

*For symmetrical boundary conditions this is clear from simple considerations, since the solution of
f(z) is symmetrical with respect to z =0,
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into alternate equilateral triangles of side length 47/v3k,, in each of which the liquid flows upward or
downward, respectively.

A decision as to which of the two types of flow will occur in reality could be reached theoretically only
by investigating fifth-order terms in X in the basic equations of convection, but in actuality it would be
difficult to do this. For a liquid layer on a rigid plate experiment! favors the first type of flow.

The equations for the £ functions are

(D24 2825, - o (D2 (1o f ) - Ao

(o + 5 0f)}:

[( _2x2)3+ ]82 gx{(D_ng)z(fDZfr_fz'_sz) 3A38“ofo} (12)

2A
[(D—324 20 o]y = P {0 —3ar it —Dh + L if dde = @) 87 d (FDH) | de,
and the expressions for the n functions are

Any = —yDé + 2(fo' 4 1)z 9f'); A"lz=—X(D_2”3)52+2(f‘?'—l/2‘?f’)? Ang = —X(D—3"g)‘33+(f‘."—'f"?)- (13)

The calculation of these quantities subject to the boundary conditions 1a and 1b would be very laborious
for the general case. The problem becomes simpler only in the somewhat hypothetical case of a liquid
with two free surfaces. We present the results in so far as they are of a general character.

In this case the critical value is v, = 2774/4, K} = 72/2h? and f(z), which determines the dependence
of the vertical velocity component on height, can be taken in the form

74 9vr? Tz
f(z):COST(Or @(Z)=WC057).

Equations (12) and (13) can be solved simply and give for ¢ and 7

w94 x/v] _ h[143y/v]
1= T 58gh M= T by « sin 22
. 9vm[121 + 27y /] 2z 9% [34+11y/v] n
= 2500y Bgh XSING=, My = o5y
£ =
T 4xBgh
£y = 0.

By substituting these expressions in (10) we can determine X. For example, the temperature distribu-
tion for the first type of flow is given by

4AhR Ay cos (mz | h)
b (xy2) = 3 Y V1.3540.08; ) v+ 0142 v

{cos + cos 7 = (y -+ V/3x) + cos (y —V/'3x) } (14)

The development of convection is conveniently characterized by the ratio of the maximum temperature
change in the (x,y) plane, T .5 — Tpins to the vertical temperature difference T; —T, = Ah:
Tmex—Toin _ &/ 78Y(135 +0.08 X 4 0.14%) 7"

We note in conclusion that the form of the dependence of the coefficient in (14) on the Prandtl number
is the same for any boundary conditions. This results from the fact that the solution of the linear equa-
tion f(z)=1f(z/h) depends only on the critical value v,, and also on how (12), (13) and (10) contain the
different dimensional quantities. Thus the strength of stationary thermal convection in a plane liquid
layer for modes near the critical point is proportional to the square root of the parameter which charac-
terizes supercriticality, whereas dependence on the Prandtl number appears in a denominator as the
square root of a polynomial of not higher than the second degree. The flow belongs to one of the two
types of symmetry represented by (11a) and (11b).

The author is indebted to Academician L. D. Landau for valuable suggestions and assistance.
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