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A scheme is set up which makes it possible to take into account the influence of an external 
field and the mutual interaction of electrons and positrons in the interaction of the electron
positron field with the radiation field. The theory is nonrelativistic with respect to the parti
cle momenta in cases in which the photon energy is comparable with the rest energy of the 
electron. In cases in which the photon energy is much smaller than the rest energy of the elec
tron, some relativistic corrections can be included in the theory by going to higher approxima
tions. This scheme is applied to the stationary states of an electron-positron system and to 
the two-photon annihilation of a positron in a many-electron system. The equations of the Fock 
self-consistent field are obtained for an electron-positron system, and an expression is found 
for the probability of annihilation of a positron in a many-electron system. The special case 
of annihilation in helium is examined. 

THE various processes of interaction of the electron-positron field with the radiation field are ordinar
ily treated in the approximation of the single-electron problem. A scheme of calculation in the configura
tion representation, designed for the treatment of many-body problems, has been set up by Shirokov.1 

This scheme was applied by Tumanov and Shirokov to derive the equation of positronium2 and by Tumanov 
to the study of the two-photon annihilation of positronium.3 The only case treated in these papers, how
ever, is that of no external field. 

In order to set up a scheme permitting us to include the effect of the external field and of the mutual 
interaction of the electrons and positrons, we proceed, as in Ref. 1, according to Fock's method.4 

In the space of second quantization the complete Hamiltonian of a system of electrons subject to an ex
ternal field and interacting with the radiation field consists of three parts: the Hamiltonian of the parti
cles in the external field, described by vector and scalar potentials Ao and cp0, which is of the form (in 
a system of units in which n = c = 1) 

H 0 = ~ ~+ (x) [(a (p- eA0)) + ~m + e90 ] ~ (x) dx, (1) 

the Hamiltonian of the Coulomb interaction of the particles, which is of the form 

(2) 

and the Hamiltonian of the interaction of the particles with the radiation field described by the vector po
tential A, which is of the form 

H' = - e ~ ~+ (x) (aA) t\J (x) dx. (3) 

Here x denotes a whole set of space coordinates r and spinor indices. Integration with respect to 
x means integration with respect to r and summation over the spinor indices. We have chosen for the 
radiation field a gauge such that the scalar potential is zero, so that the Lorentz condition reduces to 

divA= 0. (4) 

Later on we shall expand A in terms of plane waves, and the condition (4) assures the transversality of 
the photons. The contribution of the longitudinal and scalar photons has been explicitly separated in the 
form of the Coulomb interaction between the particles. The radiation field is subjected to quantization, 
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and the external field remains unquantized. 
The quantized operator 'IF is an operator for absorption of an electron or emission of a positron, and 

its Hermitian adjoint 'IF+ is an operator for absorption of a positron or emission of an electron. 'IF and 'IF+ 
satisfy the commutation relations 

wt (r), '\>~ (r')} = Q(X~ 0 (r- r'), {~d (r), ~t (r')} = {h (r), '\>~ (r')} = 0, (5) 

where the spinor indices a and (3 take the values 1, 2, 3, 4. 
The setting up of the scheme in the usual representation of the Dirac theory encounters difficulties. 

Since the positive-frequency and negative-frequency parts of solutions of the Dirac equation, taken sepa
rately, do not form complete systems of functions, the operators of absorption and emission of an elec
tron, and also the operators of absorption and emission of a positron, do not satisfy commutation relations 
of the usual type (5). Moreover, we have a system in which there occur an infinite number of electrons of 
negative energy. These difficulties prevent the direct application of the Fock method. To avoid these dif
ficulties, we proceed as is done in Ref. 1, i.e., we carry out the canonical transformations considered by 
Foldy and Wouthuysen.5 After this we make the transition from the space of second quantization to con
figuration space. The purpose of the canonical transformations is to represent the wave functions corre
sponding to states with positive and negative total energy in the form of spinors in which only the upper 
elements or only the lower elements, respectively, are non-vanishing. Thus after the separation of the 
positive-frequency and negative-frequency functions the operators of absorption and emission of an elec
tron have only the upper elements different from zero, and the absorption and emission operators of a 
positron only the lower elements. Then we can write the transformed quantized operators 'IF' and 'IF'+ in 
the form 

(6) 

where the two-component functions cp, cp+, X• and x +are respectively absorption and emission operators 
of electron and positron. Since canonical transformations do not change the commutation relations (5), 
substituting the expressions (6) into Eq. (5) we get the commutation relations for the operators cp and x in 
the form: 

(7) 

All other anticommutators of the operators cp, cp +, x , and x + are equal to zero. 
In the case of presence of a field we carry out a series of canonical transformations 

<j>' (x) = exp {i (S1 + S2 + ... )} ~ (x), (8) 

each of which leads to the separation of the wave functions corresponding to states with positive and neg
ative energies to a definite order in 1/m (1/m = 3.862 x 10-11 cm-1). After the performance of a certain 
number, say n, of these transformations, and with the neglect of terms in the transformed Hamiltonian 
density of orders higher than n -1, the eigenfunctions of this approximate Hamiltonian density of parti
cles in the external field, corresponding to states with positive or with negative energy, will have only 
upper elements or only lower elements, respectively. Sn is given by the formula 

S = _ (!~) (lowest-order odd operator in the)* 
n _2m X transformed Hamiltonian density 

(9) 

As the result of the three successive transformations 

S1 =- 2.fn- ~(a. (p- eAo)), S2 =- 2~- ~ (- 2~ ~(a. grad Cf'o)), S3 =- fm ~ (p- eA0) 2 (a. (p- eA0 )) (lO) 

we get, expressing 'IF and q,+ in terms of cp, cp+, X• and x +and changing the order of x and x + to eliminate 

*In Ref. 5 an odd operator is understood to mean an operator, for example a, which, acting on a four
component function, mixes the upper and lower elements. The problem of separating the positive-frequency 
and negative -frequency functions reduces mathematically to the problem of transforming the Hamiltonian 
into a form free from odd operators. 
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an infinite background energy (using xx+ --x + x and f XPX+ dx - f x +pxdx) 

H o = ~ q/ [ m + e:po + zk (p - eA0 ) 2 - 2:- ( acurlA0 ) + 8~2 Ll:p0 + 4~2 (a [grad cp0 (p- eA0)]) + 0 0 0] 9 dx 

+ ~ x+ [ m- e:p0 + :zk (p + eA0) 2 - z: (acuriA0)- 8: 2 Ll:p0 + 4: 2 (a[grad cp0 (Po+ eA0)l) + 0 0 OJ X dx 

(here u is the transposed matrix 0') 

H 1 = ~ ~~'!'+(x):p(x) lr~r'l :p+(x'):p(x')dxdx'+-~ ~~X+(x)z(x) Jr-r'l x+(x')x(x')dxdx' 
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(11) 

-e2 ~~:p+(x):p(x) lr~r'J x+(x')x(x')dxdx', (12) 

H' = H'eve'!f- H'odd , (13) 

where 
'even \ [ e e H = ):P+ --m-(A(p-eA0))- 2m(acurlA) + 

ie2 l r [ e e ~ + 2m2 (a [grad cp 0Al) + 0 •• j tpdx + J X+ - m (A (p- eA0)) - 2m ( acuriA) 

and 
ie2 ~ J - 2m• (a [grad tp0Al) + . 0 o xdx 

(14) 

In Eq. (14) U,odd has the form 

='odd ( A e ie • 
.7& =-e a)+ 2m2 (A(p-eA0))(a(p-eA0))- 4m(av )(A(p-eAo)) (15) 

ie2 . e , e 
- 4/il (a[curlAoAI) + 8m2 (acurlcurlA) I 4m2 (curiA (p- eAo)) + ... ' 

where 'V* means the operator \7 acting on A only. 
Let us carry out the further canonical transformation, considered in Ref. 1, to get rid of tile trans

posed matrix cr: 
( 16) 

where 
( 0 1) + (0-1 \ + 1 

E = \-1 0 ' c = 1 0)' EE = • 

Using the fact that EU E + = - v, and dropping the primes on the transformed i and x' +, we get 

where 

1 A )• e e e d ) :7t. = m + e:p0 + zm (p- e 0 - 2m ( acurlA0 ) + Sm• Ll'fo + 4m11 (a [gra 'Po (p- eA0 ]) + . 0 • , 

(17) 

1( A• e e e d :7t p = m- etp0 + 2m p + e 0 ) + Zm ( acurlA0 ) - Sm• Llrp0 - 4m2 (a [gra rp0 (p + eA0)l) + ... , (18) 

H'ev~~rp+[- : (A (p- eA0))- 2: (a curiA) + :~. (a[ grad rp 0Al)+ ... } dx +~X+ [- ~ (A (p + eAo)) + 2: 1 (a curiA) (19) 

+ d~2 (a [grad 'foAl)+ ... J X dx; H'odd = ~ rp+H'odd s+x+dx + ~ xeH'odd rpdx. 

The Coulomb interaction Hamiltonian H1 given by Eq. (12) does not change its form under the trans
formation (16); the commutation relations (7) also remain unchanged. 

Thus we have gone over to a new representation in which positrons are regarded as particles with 
positive rest mass and positive charge and the operators cp, cp+, X• and x+ satisfy the commutation rela
tions (7). This provides the necessary conditions for the direct application of the Fock method. The in
teraction Hamiltonian of the particles and the radiation field falls into two parts. The even part leads to 
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transitions without change of the number of electrons and positrons, and the odd part leads to transitions 
with change of the number of electrons and positrons, i.e., to the annihilation and creation of pairs. 

The transformed Hamiltonian of the system can be used for finding stationary states and for the calcu
lation of probabilities of radiative transitions in cases in which the energy of the photon taking part in the 
process is much less than the rest energy of the electron. In such cases the theory can include the ef
fects of certain relativistic corrections, by consideration of the higher approximations for H0 and H'even 
in powers of 1/m. 

In a relativistic process, in particular in annihilation, the energy of the photon is comparable with the 
rest energy of the electron: k ...., m. Since we shall expand A in plane waves ei(kr), each differential 
operator acting on A gives a factor k. Consequently, terms of different orders in 1/m can turn out to 
be of the same order in p/m. For example, in H'odd, Eq. (15), the term (e/8m2)(u curl curl A) is 
much smaller than the term -e(O' A) when k « m, but they are comparable when k ...., m. From this it 
follows that a theory restricted to an approximation of finite order in 1/m is applicable only to nonrel
ativistic processes, for which the condition k « m holds (for example to the emission of photons pro
duced in transitions of atomic electrons). 

In order to extend the theory of relativistic processes, it is necessary to: (1) collect the terms be
longing to each particular order in p/m after each canonical transformation, (2) find expressions for 
all the canonical transformations giving the contributions of a given order in 1/m, and (3) find the ex
pression for the interaction Hamiltonian H' resulting from such transformations. We confine ourselves 
to the accuracy of the zeroth order in p/m. The result of the transformation given by S1 is to trans
form the original interaction Hamiltonian density w<O) = -eaA as follows 

(20) 

The value of the coefficient of the n-fold anticommutator is given by the expression {3 n/n!(2m)n. We 
note the following property of the anticommutator of any operator containing A with the operator 
(1/m)(a(p - eAo)): this anticommutator gives terms that preserve the same order of smallness in p/m 
as that of the original operator, when in rearranging the operators one lets p act on A. The other 
terms are of order of smallness one higher. This enables us to separate out the terms of a prescribed 
order, since the coefficients of the anticommutators are known. 

By means of the formulas 

{(a.(p-eA0)), (a.A)} = (acurlA), {(a.(p-eA0)), (acur!A)} = (a.curlcurlA) (21) 

valid in zeroth order in p/m, we can get from Eq. (20) the transformed interaction Hamiltonian density: 

gt'(l) = gt'(l) odd + gt'(l) eve~ 

where 

gt'(l)odd =-e((a.A)- 8
1

2 (a. curl curl A)+ 384
1 

4 (acurl(4)A)- .... +(-It 1 (a.cud2n)A)+ ... ), (22) 
m m (2n)! (2mr 

se'<l)eve~ - "I!_ ~(a (curl A - - 1 -curl<3> A + ... + (-It 1 curl <2n+1> A + .. ·)) , (23) 
<:m ' \ 24 m• (2n + 1)! (2m)2n+l 

where curl(n) A means the result of letting the operator curl act n times on the vector A. By means of 
the Lorentz condition for the radiation field, divA= 0, we get 

(24) 

and in general curl(2n)A = k2nA, since A is written in the form of a plane wave. Using Eq. (24), we get 
a simplified form for w<l) in the zeroth approximation in p/m. 

(25) 

where 

k• k 2n k k• k2n 2m . k 
cil)= I-sm• +---+(-I)n (2n)!(2m)2n + ... =cos2m ,c~l)= I-24m•+---+(-I)n (2n+1)!(2mr+···=Tstn 2m" 
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Let us see which of the canonical transformations give a contribution in zeroth order. Obviously these 
will be only those that contain terms with the same number of operators p as the degree of m in the 
denominator. By calculation one can verify that these are the transformations with the operators S2n + 1• 
n = 0, ... , 00 , In fact, on one hand these transformations make the coefficients of even powers of the 
operator a(p- eAo) in J<i 0 equal to the coefficients of the expansion of the radical { m2 + (p- eAo)2} 1/ 2 in 
powers of 1/m, and on the other hand they make the coefficients of the odd powers of the operator 
a (p - eAo) equal to zero. The general expression for the part of s2n + 1 that gives the zeroth order 
contribution is given by the formula 

S' - _ ___!_ R. ((-1)n 1 2n(rx )) 2n+I - 2m t' (2n + 1)m2n p p · 

We note that Eq. (26) can be found in another way. The transformation 

eiS = [( 1 + ix)/( 1- ix)]'1•, x == - _i__ ~ (rx (p- eA0 )) 
m 

(26) 

(27) 

found by Fock enables us to separate the solutions of the Dirac equation with positive and negative en
ergies: 

eis [(cz (p- eA0)) + ~m]e-iS = ~V m 2 + (p -eA0 ) 2 • 

Consequently S at once contains the principal terms of the canonical transformations, those that give the 
zeroth order contributions. Regarding K as a small quantity, one can verify that 

. f ix (ix)s (ix)2nH } 
e's=exprz-+ 6+···+ 2(2n+1)+···+ . 

Consequently, we can write 

where 
S __ ___!___R(-1)n 1 (rx(p-eAo))2n+I. 

2n+I - 2m t' (2n + 1)m2n (28) 

From Eq. (28) it follows that the part giving the zeroth order contribution is 

s' - i B ( 1 )n 1 2n ( ) 2n+I-- 2m' - (2n+ 1)m2n p rxp, (29) 

which agrees exactly with Eq. (26). 
Let us go on to find the limiting expression for the interaction Hamiltonian H' that results from the 

infinite succession of canonical transformations (26) , in accuracy to the zeroth order. The original ex
pression J,i'(l) =-e(cl 1>(aA) + cP>(1/2m)(O' curl A)) is transformed in a "closed" manner, i.e., in all 
the transformations with the operators s2n + 1 (n = 1, ... , 00 ) only the coefficients c1 and c2 are 
changed. This can alread~ be seen from Eq. (26), since the operator p2n = (-1) n~n leads only to the 
appearance of a factor k n, while commutation or anticommutation of the two parts of J<i '(1) with ap 
leads only to a change of the coefficients c1( 1) and cl2), and so on. 

Let us set 

( odd part of .W'(2n+1>), (30) 

(even part ot .W'(2n+I>), 

so that J<i ,(2n+ 1) = o(2n+ 1) + e (2n+ 1). 

J,(' transforms according to the formula 

'7t''(2n+I) = ,W'(2n+1) + 2~~[Il(2n+1), d)'(2n-l)]- 8~2 [Il(2n+I), [Il(2n+I>, d)'2n-l)Jl- ... 

.. . + _21 _ ~ {II(2n+1), o<2n-1)} __ 8 1 2 {Il(2n+1>, {Il(2n+1>, o<2n-l)}} _ .... 
m m 

By means of the following formulas (valid to the zeroth order in p/m): 

(31) 
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2m-fold anti commutator of ( aA) and p2n( ap) 

k4mn+2m (llA), 

(2m+ 1 )-fold anticommutator of ( aA) and p2n( ap) 

e<2m+Ilnt2m (acurlA), 

2m-fold commutator of ,B(ucurlA) and p2n(ap) 

k4mn+2m ~ (acurlA), 

(2m+ 1)-fold commutator of ,B(ucurlA) and p2n(ap) 

_ k2(2m+Iln+2<m+l) ~ ( llA), 

.9'{'(2n+1l =- e (c\2"+1> ( llA) + c~zn+t> 2_!_ ~ (a curiA) l, 
m ; 

where the successive coefficients are connected by the formulas 

Here 

00 

d~2n+r) = ~ f- 1 )1 1 (-1-)21+1 ('!_)2(21tl)nt21 = -}!___sin r (- 1 )n 1 ( '!_'.,2n+t) 
1_ 0 · (21 + 1)! (2)"1 2n + 1 m 2m \ 2 (2n + 1) \m) ' 

d(2n+l) = _ _!_ ('!_)2 d(2n+t) = 2..::z. . ('(- 1 )n __ 1 __ (-':.. \2n+I) 
3 4 m 2 k Sin . 2 (2n + 1) m} · 

From this it follows that 

M M 

c<2n+1> =' cos (l:_ ~ (- 1 )1- 1- ('!_)21) c<2n+1> = ?!'!- sin (' }:_ ~ ( -- 1 )1 - 1- ("-)21) 
1 2m 1_ 0 :u + 1 m ' 2 k 2m 21 + 1 m · 

1-o 

We can find the limiting expressions cJ""l and c~""l, using 

"' 
""(- J)1_1_ (!:_)21+1 = _, '!_ for k <;:_ m, 
LJ 21 + 1 m tan m ' 
1-o 

c(oo) =· cos (.!. tan-• '!_) 
1 2 m ' 

2m.'1 k) c<oo> =- sm I- tan-• -
2 k \2 ni • 

For the case k = m 

-"(oo) = cos ~ c<2co) = 2 sin ~8 , c<""lc(oo) = - 1-
"t 8 , 1 2 V2 · 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

The transformation (16) brings the interaction Hamiltonian of the particles and the radiation field into 
the form 

where 

(39) 

expressed to zeroth order in p/m. Consequently we can apply to some relativistic processes of quantum 
electrodynamics (k ~ m) the theory with the interaction Hamiltonian of particles and radiation field 
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expressed by Eq. (39). In this case the theory is nonrelativistic as regards the momenta of the particles. 
Let us consider a system of interacting electrons and positrons in an external field. For the study of 

the stationary states of the system we shall not include the interaction of the particles with the radiation 
field, which, as a perturbation, causes transitions between the stationary states of the system. Accord
ing to the Fock method4 the change from the space of second quantization to the configuration space is ac
complished by writing the state vector of the system as a column whose elements are wave functions in 
the configuration space with definite numbers of particles. In all the states of occupation the difference 
of the numbers of electrons and positrons has a single fixed value. This is a consequence of the law of 
conservation of charge. The action of the quantum operators on this column must be consistent with the 
commutation relations. 

Let us write the configuration wave function of a system of n electrons and m positrons in the form 
of a product of determinants of one-electron and one-positron functions, satisfying the requirements of 
orthogonality and normalization: 

(40) 

Then the variation principle fJW = 0, where W is the mathematical expectation of the operator H0 + H1 

in a state having n electrons and m positrons, leads, under the conditions of orthogonality and normal
ization of the one-electron and one-positron functions, to the Fock equations of the self-consistent field 
for the system of electrons and positrons in the external field, with the Hamiltonian operator expressed 
in the form of a power series in 1/m (Ref. 6 ). 

n m 

[ .9't' e (x) + e2 ~ ~ 1 r-=- r' I 'f'; (x') 'f'i (x') dx'- e2 ~ ~I r--=._ r' I x; (x')xt(x') dx'] 'f'i (x) 
J-1 ]~1 

n n 

- e2 p ~ I r--=._ r' 1 'f'; (x') 'f'i (x') dx' 'f'i (x) = ~ ),ii 'f'l (x), 
J-1 J~1 

i = 1 .. , n; 
(41) 

n n 

[.nP (x) + e2 ~ ~I r-=-r' I x; (x') x1 (x') dx'= e2 ~ ~I r-=- r' I 'f'; (x') 'f'i (x') dx'] Xi (x) 
J-1 J-1 

m m 

- e2 p ~ I r---= r' I x; (x') Xi (x') dx' x1 (x) = ~ flii X1 (x), 
J-1 J-1 

i = 1 ... m. 

The state of a system of electrons and positrons subject to an external field and interacting with the 
radiation field is described by a state vector n satisfying the equation 

(Ho + H1 + H') Q = idQjdt. 

According to perturbation theory the transition probability per unit time is given by the formula 

W = 2rr ! (Qn, H'f!o) i2 Pn• (42) 

where n 0 and nn are the state vectors describing the initial and final states respectively. For a sec
ond-order effect 

(43) 

where ni is the state vector describing the intermediate state. 
The effect of the external field on the radiative processes comes about in two ways. Since the expres

sion for the probability of the process involves the wave function of the system, which is a solution of the 
equation for the stationary states, in which the potentials of the external field appear, the external field 
has an effect on the radiative processes through the dependence of the wave functions of the system on the 
potentials of the external field. The potentials of the external field also appear explicitly in the expres
sion (18) for the interaction Hamiltonian. For radiative processes in which the photon energy is compar
able with the rest energy of the electron, the potentials of the external field do not appear in the interac
tion Hamiltonian as terms of zeroth order in p/m [Eq. (39)]. But the effect of the Coulomb interaction 
of the particles comes into the radiative processes through the wave function of the system determined by 
the Fock equations (41). 
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Let us consider by Fock 's method the two-photon annihilation of a positron in a many-electron system. 
We assume that in the initial state there are n electrons and one positron. In the intermediate state the 
numbers of electrons and positrons remain the same as in the initial state, while there has been emitted 
a photon with wave vector k 1 and polarization vector e 1 (denoted as state I1 ) or else k2, e 2 (denoted 
as state II). In the final state there are two photons k1, e 1 and k2, e2 and n- 1 electrons. The con
figuration wave functions of the initial, intermediate, and final electron-positron states are denoted by 
tt.'a1 ••• a, 131 (r1 ... rn, s 1), tt-'~ 1 ... an, 131 (r1 •• • rn, s 1), and tt-'~ 1 ... an _ 1 (r1 ... rn - 1), respectively. 
Using the rules for the action of the matrix elements of quantized operators on the configuration wave 
functions, determined in the same way as in Ref. 4, we get6 

(44) 

(45) 

Here we have used the well known expressions for the matrix elements of the operator A (see, for ex
ample, Ref. 7). The first term in E q. ( 44) consists in turn of a sum of n terms, in which the i -th term 
corresponds to the emission of the photon k1, e1 by the i-th electron. The second term in Eq. (44) cor
responds to the emission of the photon kt, e 1 by the positron. As intermediate states we must take all 
possible function tt-'~ 1 ... an, 131 (r1 ••• rn, St). We assume that the tt;" form a complete set: 

where the sum is taken over all possible states tt;". We assume that initially all electrons are in bound 
states, and that the positron is either in a bound state or in a quasifree state with energy close to m 
(a "slow" positron). The matrix element (44) is appreciably different from zero only when in the inter
mediate state the particle that has emitted the photon k1 is in a quasifree state with energy close to 
(m2 + k~) 112 and each of the other particles has an energy close to m. This is so owing to the fact that 
in Eq. (44) the factor e-i(kr) is a very rapidly oscillating function. Consequently we take for the differ
ence of the energies of the initial and intermediate states simply: 

(47) 

Using Eq. (46), we get 

n 
The sum L: 

i = 1 

(
ic(oo) ) + e-i((k,+k,)g,) 0 (rn- 51) (cfco) E (ae2))~n~' z~ (a (klell) '1~•···"n·~ (rl ... fn, S1)J dr1 ·. · drndSl 

~.~ 

(
corresponding term obtained by interchanging \ 
D.E 1, k1, and e 1 with t.E2, k2, and ~. respectively} 

(48) 

in Eq. (48) consists of two parts, namely the term with i = n and the terms with i f. n. 
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The terms with i t n make a negligibly small contribution to the matrix element because of the small

ness of the integrals over ri and rn of the rapidly oscillating functions e -i(k2rn) and e -i(ktri). Phys
ically this corresponds to the fact that in the transition from the initial state to the intermediate state the 
i -th electron emits the photon k1 and the momentum - k1 is transferred to the nucleus, and in the tran
sition from the intermediate to the final state the n-th electron is annihilated with the positron (n f i) 
with the emission of the photon k2 and the momentum -k2 is transferred to the nucleus. Such a proc
ess, in which there twice occurs transfer of momentum comparable with m, is extremely improbable. 
As for the terms with i = n, they make an important contribution to the matrix element when I k1 + k2 1 
is small. When I k1 + k2 1 is small we can replace k1 and k2 by k, which, by the law of conservation 
of energy, is equal to m, and ~E 1 and ~E 2 by -(2m) 112• Neglecting the terms with i t n and setting 

we get 

(" H"2 ) _ 2 V2"' v- \ , • ( ) -i((k,+k,Jrn> (K _ K ) . w ( ) d d 
'Ln, '0 -- e km n J 'f~, ... an_1 f1••• (n-1 e ~. ~n an~• ,a, ... on-·1an, ~' f1••.fn-1fn, fn f1 ... fn. (49) 

The probability per unit time of two-photon annihilation is given by the formula 

(50) 

The dependence of the probability of the process on I k1 + k2 1 is clearly shown in Eq. (49). The proc
ess is most probable when I k1 + k2 1 = 0, i.e., the photons emitted must have their directions correlated 
to be antiparallel. With increase of the departure of the angle between k1 and k2 from the value 1r 

(for k1 = k2) the probability decreases rapidly. The process is most probable when each photon has an 
energy equal to the rest energy of the electron: k1 = k2 = m. With increase of the difference between the 
individual photon energies and m, for k1 + k2 = 2m, the probability decreases rapidly. From this one 
can get the natural line width of the annihilation radiation. Since the pair being annihilated is bound to the 
nucleus and the other electrons, the law of conservation of momentum need not be exactly fulfilled, as it 
must be for free particles, in the sense that the total momentum of the pair annihilated must be equal to 
the total momentum of the emitted photons. That is, in the center-of-mass system of the electron and 
positron the emitted photons can have a total momentum k 1 + k2 different from zero, and this amount of 
momentum is transferred to the nucleus. The larger the momentum transferred, the less probable the 
process. 

Let us write tJ; and tJ;' in the form 

(51) 

(52) 

Substituting Eqs. (51) and (52) into Eq. (49) and developing the determinant II cpj_(rj, aj)ll in terms of the 
elements 'Pi (rj, aj), we get 

n 
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where integration over Xi means integration over ri and summation over ai, and repeated indices are 
n 

summed over. The sum L in Eq. (53) includes the various acts of annihilation and the effect of elec-
i =1 

tronic correlation. Since 'Pi and cpj relate respectively to the system atom+ positron and to the ion 
that remains after the annihilation, they are not orthogonal to each other. Consequently, the possibility 
of transitions of electrons accompanying the annihilation is not excluded. 

Let us assume that the remaining electrons have made no transitions during the annihilation, i.e., that 
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n 
<Pi and cpi_ have the same quantum numbers; then in the sum L the term with £ = n makes the prin

£=t 
cipal contribution to the matrix element. The main part of this term is 

. ~ ~ 'f';: (xi) 'f'i, (xi) dxi ~ 'f';: (x2) 'f'i, (x2) dx2 ... ~ rp;:_I (Xn-I) 'f'in-I (xn-I) dXn-I 
tl···tn-l 

n-I 

= (n - I )l n ~ 'f;• (x) cp; (xi) dx;, 
t-I 

(54) 

where it, ... , in -t is a permutation of the numbers 1, ... , n - 1, and the summation is taken over all 
permutations it, ... , in - t· The other part of the term is a correction to the main part (54), for ex
ample 

~ 'f~· (xi) 'f2 (xi) dxi ~ 'f'~· (xi) 'PI (x2) dx2 ... 

and so on. The other terms in the sum L , with £ (= n, are corrections to the main part of the term 
£ = t 

with £ = n given by Eq. (54), and correspond to annihilations in which the positron is annihilated with the 
electron that was in the state £ (£ (= n), but the annihilation is accompanied by the transition of another 
electron into this state. This is an effect of electronic correlation. 

Let us examine the possibility of reducing the problem of the annihilation of a positron in a many-elec
tron system to the corresponding one-electron problem. If we assume that the annihilation of the pair 
does not change the one-electron functions of the remaining electrons, then tJ;' is given by the deter
minant 

n 
where cp appears instead of cp'. Then the only nonvanishing contribution in the sum L in Eq. (53) is 

£=t 
the main part of the term with £ = n, Eq. (54); the effect of electronic correlation disappears, and also 
no transitions of the remaining electrons are possible. The result is that Eq. (53) reduces to the follow
ing: 

(55) 

This is just the result obtained by multiplying the integral 

(56) 

by the corresponding matrix element for the annihilation of free particles. Consequently, the reduction of 
the problem of annihilation in a many-electron system to the corresponding one-electron problem is equi
valent to the assumption that the wave functions of the remaining electrons are not changed as a result of 
the annihilation, or the neglect of the possibility of transitions by the remaining electrons and of elec
tronic correlation effects. 

As a concrete example let us consider the two-photon annihilation of a positron in helium. The wave 
function of the system is of the form 

(57) 

Let us consider separately the cases of orthohelium and parhelium. The Schrl::idinger function of the sys
tem orthohelium + positron has the form 

~ortho(rir2si) =('PI (ri) 'f2 (r2)- 'f2 (ri) 'f'I (r2)) XI (sJ)/V2; (58) 

and that of the system parhelium +positron has the form 

'fpara(rir2si) = ('f'I (ri) 'f'2 (r2) + 'f2 (ri) 'PI (r2)) /.1 (si)/VT (59) 
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The spin functions <i>(CX"1CX"2,B1) can be obtained by combining the spin functions of orthohelium and parhe
lium, x (CX" 1CX"2), with the spin functions S(,B1) of the positron, and the resulting functions must be eigen
functions of the total spin of the system and of its z component, and of the total spin of the two electrons 
and the spin of the positron. As a result we get six spin states for the system orthohelium + positron: 

q,'l•- vz- S ./T S ;n-'1•- 1/T S ./2 X S . 
'I•- 1f Xn -·'I,- V 3 X1o 'I•' "''I• - V 3 X1o -'lz- V 3 1-1 'I•' (60) 

and two spin states for the system parhelium + positron: 

(61) 

The lower index on the <I> denotes the total spin of the system, and the upper index gives its z com
ponent; the indices on X are the total spin of the two electrons and its z component; that on the S is 
the spin component of the positron. 

Let us substitute Eqs. (58) to (61) into Eq. (53), average over all spin states of the initial state, and 
sum over the polarizations of the emitted photons; then we get the probability per unit time of two-photon 
annihilation of a slow or bound positron with the remaining electron of arbitrary spin in a state described 
by the wave function c/: 

for the system orthohelium + positron, and 

for the system parhelium + positron. 
When the positron is in a bound state (bound to the atom), one must sum up the probabilities of annihi

lation of the positron with the electrons in the various states, summing over the Schrodinger functions and 
spin functions of the final state, and also over k. The reciprocal of the resulting sum gives the lifetime 
of the positron, independent of the density of the medium. When the positron is in a quasifree state, one 
must take a wave function normalized to unit volume. The reciprocal of the resulting probability, obtained 
by summing over all final states, specified by Schrodinger and spin functions and by the wave vector k, 
and multiplying by the number of atoms per unit volume, gives the lifetime of the quasifree positron in the 
medium. 

The writer expresses his deep gratitude to Academician V. A. Fock for a number of suggestions and to 
Professor P. P. Pavinskii for a discussion of the results of this work. 
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