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The results of the calculations of these functions are shown in Tables I and II.* An investigation of the
computed functions (cf.for example, Refs. 2 and 3, in which this type of analysis was first applied ) shows
that in the present case the error in the electron energy spectrum is approximately 10 percent. We may
note that the method of moments is so far the only method which makes it possible to determine with rea-
sonable accuracy the average behavior of an electron-photon shower in the energy region being considered.
In calculating the moments, the photon absorption coefficient o has been assumed constant and equal to its
asymptotic value o =0;,. However, in computing the distribution functions the photon absorption coeffi-
cient has been assumed equal to oy jn = 0.65. As follows from the results of Ref. 1, this method makes it
possible to take account of the approximate dependence of o (E) on energy, leading to better agreement of
theory and experiment. The value 0.65 corresponds to the value of o,i, in air; the computed curves,
however, apply to the development of showers in materials with atomic number Z approximately up to 30
with good accuracy. The numerical results which have been presented may be useful in the analysis of
certain cosmic-ray experiments.
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The scattering of light by ferroelectric and ferromagnetic crystals in the vicinity of second-

order transition points is considered. Calculations are performed both for single component
crystals and for solid solutions. By way of illustration light scattering by BaTiO; type crys-

tals as well as by Rochelle salt or KHyPO, type crystals is examined. The effect of an exter-
nal field on the scattering is investigated.

I. Ginzburg! has shown that at temperatures close to the temperature of a second-order transition there
occurs additional scattering of light which is particularly intense near the critical point, that is, near the
point where the curve for second-order transitions merges into the curve for transitions of the first
order. This effect has been experimentally detected by Iakovlev, Mikheeva, and Velichkina? who investi-
gated the dispersion of light in quartz near the point of the o == B-transformation. Herein we shall carry
out a further theoretical investigation of the problem, primarily where ferroelectric materials are con-

* In the first line of each column of the tables the first number denotes the energy of the initial electron
or photon and the second the energy of the secondary electron.
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cerned. We shall explicitly take into account the anisotropy of the fluctuation of the dielectric constant ¢°

(for light), which obtains even in cubic (or almost cubic) crystals, and the depolarization of light associ-
ated therewith. We shall investigate the influence of the electric field on the intensity of scattering. In
addition to the case considered by Ginzburg, when there are only square terms in the expansion of 8¢’ in
powers of the components of the polarization vector, we shall also examine the case which obtains in cer-
tain ferroelectrics (for example, in Rochelle salt), when this expansion also comprises linear terms. We
shall also consider the scattering of light by solid solutions of ferroelectrics.

2. The additional scattering of light near the second-order transition points is associated with the in-
homogeneities of the dielectric constant ¢°, caused by the fluctuation of the internal parameters that char-
acterize the long range order in the less symmetric phase (in the case of ferroelectrics, such internal
parameters are the components of the polarization vector ). Near second-order transition points inhomo-
geneities of this type can always be regarded as static. For anisotropic crystals the question of scattering
of light by inhomogeneities of the dielectric constant, caused by thermal vibrations of the lattice, has been
examined by Motulevich.? Carrying out exactly the same examination for light scattering by the static
distribution of the inhomogeneities of the dielectric constant tensor, we find that the intensity of the scat-
tered light is
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Here J; is the intensity of the scattered wave, J; is the intensity of the wave incident on the crystal, V
is the volume of the crystal, c is the speed of light, R is the distance from the point of observation to
the scattering crystal (the size of which is assumed to be appreciably smaller than R), k; and k, are
the wave vectors of the incident and scattered waves (in the crystal), e! and e? are the unit polarization
vectors of these waves (having the components e‘a and e%, where the indices o and B designate the re-
spective Cartesian coordinates), n; and n, are respectively the indices of refraction for the incident and
scattered waves, and & and 8, are the angles between the electric field vectors and the induction vec-
tors in the incident and scattered waves (in the crystal), respectively. The factors K; and K, take into
account the decrease in the intensity of the incident and scattered rays in passing through the crystal-air
interface and can be calculated by means of the familiar formulas of crystal optics.* Lastly, € oBq de-
notes the q-th Fourier component of the deviation of the 6621 B component of the dielectric-constant tensor

from the mean value

€apq = 1v— S 8323 efar dr, (2 )
v

where q =k, — ky. In deducing expression (1) it was assumed that rotation of the plane of polarization in
the crystal is absent or can be neglected. It was further assumed that light absorption in the specimen is
negligible.

In the case of cubic crystals, in which the index of refraction is independent of the direction of the wave
vector and of the polarization vector and the angles §; and §, are zero, the expression for the intensity
of the scattered radiation is simplified to

3 2
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«, B=1

(3)

The change in the dielectric constant connected with the fluctuation of polarization in this case is also a
tensor (not a scalar) quantity.

The further examination will be carried out in terms pertaining specifically to ferroelectric crystals.
In the vicinity of the temperature T, of the transition to the ferroelectric state we can retain only the
first terms of the expansion of the components of the tensor €0aB in powers of the components of the po-
larization vector:

529=3§a° +)‘aB,YPY+}\aB,~(8P~(P8, (4)

* Repeated reflections from the other faces of the crystal, which greatly complicate the picture, can be
eliminated by blackening these faces.
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where the coefficients do not depend on the polarization. Here and below summation from 1 to 3 over all
twice-repeating indices (in a given term) is implied. The polarization vector P can be regarded as con-

sisting of a mean value P anda fluctuating part AP. Replacing P in (4) by the sum P + AP, we de-
termine 65‘& B retaining only the terms linear in AP,)/, and then, invoking (2), express the Fourier com-

ponents of the dielectric constant tensor in terms of the Fourier components of the polarization vector
Pyq
Sapq = Aag, v Pvg + 2hap, v8 Ps Pyq- (5)

Substituting (5) in (1), we obtain the following formula for the intensity of the scattered light, connected
with the fluctuations of the polarization:

Lo

T =5 F 0 2V haprhepy + g hepry Py + 4hopys My PsPsl € eh € e (PraPry + PoPo), (6)

l

where the function
otV n

F (1, 2)=K1sz—écos‘28,~cos‘262 (7)

may be regarded as independent of the temperature.

The mean values of the squares and products of the Fourier terms constituting the fluctuation of the
components of the polarization vector can be determined by means of the thermodynamic theory of fluctu-
ations. The distribution of fluctuation probabilities, as is known, is given by the expression

w ~exp (—AD /kT), (8)

where A® is the change in the thermodynamic potential incident to the appearance of fluctuation. In the
case when the polarization of the crystal undergoes fluctuational changes, A® can be written in the form

1 aP, oP
AD = 7S [%aAPaAPB"F Aamswﬁ]dm (9)
v

Here ¢ is the thermodynamic potential per unit volume,* Aaﬁ'yd is a fourth rank tensor and Xy and Xg

are Cartesian coordinates (y and 6 =1, 2, 3); the last term takes into account the changes in the thermo-
dynamic potential incident to the appearance of inhomogeneities in the fluctuation distribution; terms with

higher order derivatives can be disregarded, provided (as in the case of scattering of light) the predomi-

nant part is played by sufficiently smooth fluctuations.

The thermodynamic potential per unit volume of a ferroelectric in the presence of an external electric
field E can be written as ¢ = f(P) — EP, where f(P) is independent of E. Hence differentiating the
equilibrium conditions ¢, = 0 with respect to PB’ we obtain

Pup =0 /0P, OPy = OE, | OP,. (10)
Comparing Eq. (10) with the equation for the dielectric susceptibility tensor « ap 1Py =k, BEﬁ’ we find
that the derivatives Pap are components of a tensor that is the reciprocal of the dielectric susceptibility
tensor:

Gup = % - (11)
Replacing the fluctuations AP, by their Fourier expansions

APy = SV (Pax € + Pixe™), (12)

%

from Eqgs. (8), (9), and (11), we obtain

V ’ - * L ]
w"'exp{—‘iﬁz (”aﬁl"}'Aaﬁ'{S XYKS)(Pan Pbx—"PauPBx);‘ (13)

* For simplicity of notation we shall designate the partial derivatives with respect to ¢ through indices:
Qa= a(p/apa, Qo= a(p/ac, etc.
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By means of the distribution of probabilities (13) we can express the mean value of the products of the
Fourier components corresponding to any value of k in terms of the elements of the matrix that is the
reciprocal of the K&‘B + AaB‘yG KyKge Substituting the values so obtained for the case of k = q in place

x * ; :
of P,qu.Y'q+ P.),qP,y:q in Eq. (6), we obtain
b= F (1. 2)RT Doag, o, v+ Do,y b, v Py D, o hargr, v P Po) ehcho €l (i Ao 90 9) ™ (14)

In the case of scattering of light, when the wavelength is much greater than the lattice constant, the
second addend in the last factor in (14 ) —except for a narrow region near the temperature of the second-
order phase transition, (where some components of the tensor K&lﬁ vanish ) —is appreciably smaller than

the first term. In this case the expression for the intensity of the scattered light assumes the more sim-
ple form

:;L = F (1. 2) T [ag, v hwrir, v + Bhap, v ko, vr3r Py + g, v8 hgrivrsr Py Pyl el el e2 2. (15)
L]

All the quantities in formula (15) can be determined from independent measurements. Thus Ay B,y

and AaB, v6 according to (4), can be found, for example, by investigating the influence of an external
electric field on the index of refraction, while the constants in expression (7) for F (1, 2) can be deter-
mined from ordinary optical measurements. Thus formula (15) enables us to calculate, in the general
case of a ferroelectric with an arbitrary structure, the intensity and polarization of the part of the scat-
tered light associated with the fluctuations of polarization. If the second addend in the last factor of Eq.
(14) cannot be neglected, a more complicated formula must be used for evaluating J;/Jo. Components of
the tensor AozB, v6 entering into (14), which are also important in determining the intensities of scat-

tering of x-rays, thermal neutrons, and other types of waves at temperatures near the second-order tran-
sition temperature, can be determined from comparisons of theory with experiment. They can also be
calculated with the aid of the statistical theory of ferroelectrics based on a specific atomic model.

In many crystals all the components of the tensor Ay B,y vanish identically, owing to the requirements

imposed by symmetry of the crystal. In particular, this occurs in crystals with centers of symmetry in
the nonferroelectric phase. (It was exactly this case that was examined in Ref. 1.) Temperature depend-
ence of the intensity of the scattered light near the second-order phase transition temperature T, differs
markedly for crystals in which A, B,y = 0 as compared with crystals in which A aB,y # 0. In the first

case with T = Ty, when P =0, according to (14) the intensity of the scattered radiation associated with
fluctuations of polarization becomes zero* With T < T, the ratio J;/J¢ increases very quickly, attains
a maximum value and then falls off. When Ay B,y # 0, the intensity of this scattering is not zero even

with T > Ty. The ratio J;/J, attains a maximum at T = T, and then decreases with further reduction
of the temperature.

*It must be emphasized that in the present contribution we consider only scattering by fluctuations of
polarization and do not take into account scattering by thermal oscillations or by fluctuations of the inter-
nal parameters characterizing the short-range order the orientation of the dipole moments of different
cells. The presence of inhomogeneities associated with fluctuations of these internal parameters must
lead to additional scattering, which must occur both above and below the temperature T,. There is rea-
son to think, however, that in the most ineresting cases in the vicinity of the critical point for crystals
with g B,y =0 or near the usual transition point for crystals with Ay B,y # 0, when the intensity of the

scattering under examination here becomes anomalously great (see below), the scattering by fluctuations
of the short-range order parameters plays a relatively insignificant part. It should also be noted that
Ay B,y and A, B,v6 entering into the deduced expressions for the intensity (in which only fluctuations of

polarization were taken into account) must be determined for constant values of the short-range order
parameters, corresponding to thermodynamic equilibrium. Consequently, generally speaking, these quan-
tities will differ somewhat from the corresponding quantities determined from the dependence of the equi-
librium value of ¢? on the intensity of the electric field, inasmuch as in the last case the short-range
order parameters as well as P change.
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For the purpose of a detailed investigation of the dependence of the intensity of scattering on the tem-
perature and on the intensity of the electric field we shall examine below certain specific cases of ferro-
electrics.

3. Let us start our examination with crystals of cubic symmetry (in the nonferroelectric state ), having
a center of symmetry, and in which the spontaneous polarization is directed along the cubic axis. In par-
ticular, barium titanate, one of the important ferroelectrics where practical engineering applications are
concnerned, possesses such symmetry.%% For simplicity let us assume that the electric field is directed
along the ferroelectric axis which we shall choose as the OZ axis.

In crystals of this symmetry all the components of the tensor A aB,y vanish identically, while the ten-

sor A s in the nonferroelectric state has only three nonzero components: Ayq, 11, Mgz, 12 and Aqq, gp. In

B,y
the ferroelectric state the crystal has tetragonal symmetry with which the nonzero components of the ten-

sor xaB, 6 are those identified by the indices 11, 11; 33, 33; 11, 22; 11, 33; 33, 11; 12, 12; 13,13; 11, 13;

13,11. (If the crystal has a center of symmetry, Ay 13 = M3, 14 = 0.) Below the transition temperature
the dielectric susceptibility tensor has two nonzero components: k33 and Kyq = Kgg.

It follows from Eq. (5) that in the given case in the region where one can neglect the terms square in
q the intensity of the scattered light is

Ji/do=F (1, 2) P°kT {4)~§3,33 %33 (07)2 (e._;)z + 4)31,33"33 (C’i ‘;I) + 9?; 63)'3 —+ 813,33 Mi1,33 %33 e:ls e‘;’ (e} e‘I) + e; "Z)

A Mga xan [((€1)” + (€2)°) (€3)" + (e3)” ((€1)” + (€2)°) + 2 (e1 6] + ez €3) e 651} (16)
Neglecting the relatively minor tetragonality in calculating the factor F (1,2) we can set
F (1.2) = K, K.V | 16221R2, (17)

Equation (16 ) enables us to determine the dependence of the intensity of scattering on the orientation
of the polarization vectors of the incident and scattered radiation relative to the crystal axes and to inves-
tigate the depolarization of the light. Thus, for example, if the vectors e! and e? lie in a plane perpendic-
ular to the Z axis and are mutually perpendicular, the intensity of scattering according to (16) goes to
zero. On the other hand, if these vectors have components parallel to the Z axis, then even if e! is per-
pendicular to e? the intensity of scattering is not zero. In the narrow temperature interval near Ty,
where one cannot neglect the terms square in ¢, the dependence of the scattering intensity on the direc-
tion of the vectors e! and e? becomes appreciably more complicated. Above the temperature T, as has
already been noted, the scattering associated with the fluctuations of polarization in the crystals of this
type vanishes.

In order to find the spontaneous polarization and the dielectric susceptibility tensor, which, according
to (16), determine the temperature dependence of the scattering intensity, let us make use of the expan-
sion of the thermodynamic potential per unit volume ¢ in powers of P,, introduced in other investiga-
tions® ~12 on the basis of the theory of phase transitions of the second order:!?

3 3
o=0¢+Ya (T —To) P2 +14B; P* 4+ 1/, B, Z PP+ s CiP 41/, Cy 2 P. P+ C3P} Pi P; —EP. (18)

o, of =1 o, /=]

The expansion has been carried out to terms containing P, to the sixth power inclusive, in order to allow
for a more detailed examination of the vicinity of the critical point where the intensity of scattering be-
comes particularly great.

The equilibrium value of the spontaneous polarization is determined from the condition ¢, =0 (o =1,
2,3). In the examined case (when P oz ), if E = 0, the solution of this equation is of the form:

P? =P =[—B,+ VB + 4aC, (T, — T)]/ 2C:* (19)

The dielectric susceptibility tensor can be found by substituting (18) in (11). Bearing in mind the equi-
librium condition @3 = 0, we obtain that with E = 0, the nonzero components of the tensor Kop are de-
scribed by

1 /#g3 = a (T — T¢) + 3B,P° + 5C,P* = 4a(Ty — T) + 2B,P* = 2B,P* + 4C,P* — 4a (T, —T)

— Bi/Ci+ g“; VBf +4aCy (To—T); 1/%y = 1/“22—_-321—)2 + CyP*. (20)
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Substituting (20) and (19) in Eq. (16 ), we obtain

—ff = F (1, 2) kT {I2\% 35 (€})2 (€3)2 + 203, 45 (€L &2 4 ehel)? + 4hgam hinma €3 €3 (€1 €f + exed)] (B + 4aCy (T —T))~h
22 1o [((eD)* + (e)?) (e3) + () (1) + (e)”) + 2 (e} + ey ) g1/ (Ba -+ CoP?)) (21)

At the critical point where the second-order phase transition curve becomes the first-order transition
curve, By = 0. Consequently near this point, where the phase transition curve Bj; can be represented in
the form of the expansion b (p — Pe) (here p is the pressure and p, is the critical pressure), the scat-
tering intensity becomes particular great, as may be seen from (21). The greatest contribution near the
critical point is made by the first three terms in expression (21) (provided, of course, the constant B,
does not by chance also become small near the critical point). The temperature dependence of J;/J, is
determined primarily by the factor [B} + 4aCy (T, — T)]'i/z. If B% >» 4aCy (Ty — T), then

(B} + 4aC, (To—T))~lr = 1/b (p — pe), (22)

that is, the intensity of scattering near the critical point must be strongly dependent on the pressure. In
the vicinity of the critical point even a small decrease of temperature below the phase transition temper-
ature results in the opposite condition: B% « 4aCy(Ty — T). In this case, with some approximation,

Iy do~ 1V (To—T). (23)

If the transition corresponds to the critical point (p = p¢), the relationship (23 ) begins to hold on condi-
tion that the terms with AYY' v’ 9y q» can be neglected.

Ina first-order transition at the transition point aC, (T — Ty) = 3B%/16, that is,
[BY +4aCy(To—T)" =2/ B,

and J 1/J0 is also approximately inversely proportional to the difference (p—pg).
In the presence of an electric field parallel to the Z axis the scattering intensity can be determined
from Eq. (16), replacing P by the solution of the equation

a(T —To) P+ B,P+ C,P*=E (24)
and determining k33 by means of the first part of the equality (20) for 1/ks3. Specifically, in weak fields
P =P+ e E, (25)

where 50 and Kg33 are, respectively, the values of spontaneous polarization and the dielectric suscepti-
bility k33 with no field. In this case application of the field will lead to replacement of the factor [B%
+4aCy (Ty — T)]™/? in Eq. (21) by

By - 6C, P, E
[Bi+4acl<To—T>1-'*:[1 e i ] (26)

(By + 2C,P}) P,

Changes in the factor (B, + C,P? )"! can be neglected at temperatures close to the phase transition tem-
perature, when sz’z <« By. It will be seen from Eq. (26 ) that if the electric field is parallel to the spon-
taneous polarization, the scattering intensity decreases, while if the field is directed in the direction oppo-
site to the polarization, the intensity of scattering increases. In view of the fact that in the vicinity of the
phase transition point the dielectric susceptibility is very great while the spontaneous polarization is
small, there should be observed in relatively weak fields a strong influence of the electric field on the
scattering of light, i.e., a unique electro-optical effect. Thus, for example, assuming P ~ 104 cgs elec-
trostatic units (~ % the saturation polarization for BaTiO;) and kg3 ~ 500, we obtain that the electric
field substantially changes the intensity of light scattering when the field intensity is of the order of 108 —
10* v/cm.

Proceeding in an analogous fashion one can readily obtain the expressions for the scattering of light by
ferroelectrics in which the spontaneous polarization vector is not directed along the cubic axis at T < T,.

4. Crystals such as Rochelle salt and KHyPO, exhibit piezoelectric attributes not only in the ferroelec-
tric but also in the nonferroelectric state.!®? Fluctuation of the polarization in such crystals even in the
nonferroelectric region produces a proportional fluctuation of the deformation. Inasmuch as deformation
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of the crystal in turn changes the dielectric constant (for light) by an amount proportional to this defor-
mation, the components of the tensor A, B,y in Eq. (4) for crystals of this type are nonzero. In these
crystals there is a preferred ferroelectric axis (OZ) at temperatures above the transition temperature,
while in the vicinity of this temperature only the fluctuation of the component P; of the polarization vec-
tor becomes abnormally great. As follows from the generalformulas (14) and (15), in the nonferroelec-
tric region the terms containing the components of the tensor 7‘0:6,-)/6 vanish. In the ferroelectric region
these terms can be neglected near the transition temperature. As a result Eq. (14) in the given case as-
sumes the form

Ji/Jo=g(1,2) ] (5" +Bangy + Ay, 4,4,) (27)

where the quantity
g(1,2) = F (1,2) kT (g€} 3 )? (28)

can be assumed to be temperature independent near the phase transition temperatre. This quantity de-
pends on the direction of propagation of the incident and scattered waves and on their polarization rela-
tive to the crystal and can be determined through measurements of the index of refraction (for different
values of k and e) and its dependence on the electric field intensity. If the values of xaﬂ, v6 and Psyg

(where Psy is the saturation polarization) are much greater than )‘ozB, v then somewhat below the tran-

sition temperature it is necessary to take account of the terms containing }‘CVB: v6* In this case g(1, 2)
will strongly depend on the temperature:

g(1,2) = F (1,2) kT [(Map,3 + 2hap,s3 Ps) €l eé]z. (29)

In order to determine the temperature dependence of the intensity of scattering let us make use of the
expansion* of the thermodynamic potential per unit volume in powers of P3.7

o =90+ "a(T —To) Pi+ 0 Pi+ 3 Pi— E;P,. (30)

It follows from Egs. (11), (30), and (28) that in the nonferroelectric region above the second-order phase
transition temperature Tgkss = 1/a (T — Ty) and that the intensity of scattering is

Ji/Jdo=g(1,2) [[a(T —Tg) + Bssvqy + Asguw q.4,1- (31)

Thus, in contrast to the case of BaTiOj crystals, scattering of light by fluctuations of the polarization
occurs in the present case not only in the ferroelectric but also in the nonferroelectric region. Moreover
the intensity of scattering becomes abnormally great not only in the vicinity of the critical point but also
near the second-order phase transition point. (The sum Aj3;,,7q,9,» becomes comparable with a (T -T,)
only at very small values of T — Ty.)

Below the temperature T, the spontaneous polarization is determined by expression (19) and the scat-
tering intensity, according to (27), (11), (30), and (19), equals (cf. Ref. 15):

Ji/Jo=g(1, 2)Cy [ 14aC, (Ty—T) + Bf — By V B + 4aCy (To — T) + CiBssqy +C1 Agsvv 4,9,,1- (32)

If B? > 4aCy (Ty — T), then

Ji/do=g(1,2)/12a(To—T) By»nq, + Az 4,9,] (33)
The inequality B% » 4aCy (Ty — T) always holds in the case of ordinary phase transitions of the second
order as well as in second-order phase transitions close to the critical point if T, — T is sufficiently

small. In the case of transitions close to the critical point, however, the inequality B% «< 4aCy(Ty - T)
begins to obtain at relatively small values of Ty, — T and in this case

* In the expansion (30) it is assumed that the component of the strain tensor u oB are already ex-

pressed through the polarization P3 (proportional to them) and eliminated from the expression for the
thermodynamic potential. Analogously, in the expansion of egyﬁ the tensor u 0B is also eliminated, i.e.,

the expansion (4) is carried out not for a constant deformation but for a constant pressure.
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Ji /o= g (1,2)/[4a (To—T) + Bsnqy + Az 4y G4/ (34)

In the case of a first-order phase transition close to the second-order transition, utilizing the expres-
sions!® for the second derivatives of the thermodynamic potential, we find that above the transition tem-
perature in the nonferroelectric phase

Ji/Jo=g(1,2) Cl/[BBi/IG + C1Bss\qy + Cy Az Gy 4], (35)

while below the transition temperature in the ferroelectric phase
Jl / JO == g(l,?) Cl/ '_33? /4 + ClB33qu+ Cl A33vv' qv qv']' (36 )

Thus, if CyAgsprdpqy < B?, then in case of a phase transition the first order to the ferroelectric phase
the intensity of scattering is reduced by a factor of four.

5. The above analyses pertained only to single-component crystals. In binary solid solutions, in addi-
tion to fluctuations of the polarization, there are also fluctuations of the concentration of one of the solu-
tion components. These fluctuations are not statistically independent (cf. Ref. 16 ), which can lead to the
appearance of new effects.

When there are concentration fluctuations Ac (with constant polarization), the components of the ten-
sor e?yﬁ change by amounts A B, 4Ac proportional to Ac. Consequently in solid solutions, where there

are fluctuations of both the polarization and composition, the Fourier component of the dielectric constant
is defined by an expression which is a generalization of (5):

Sap,q = [hag, g + 2hag, v8 Ps] Pyq + hag, 4 Cq, (37)
where cq is the Fourier component of the concentration while the quantities A aB, 4 ©20 be regarded as
independent of P near the transition temperature. These constants correspond to changes in ngﬁ with
changes of c¢ at constant values of P,. They are connected with the constants 7\('16’ g+ corresponding to
changes in e(zyﬁ with changes in ¢ at equilibrium values of P, (which vary with changes in the compo-
sition) by the simple relationship

Oc,g dP,

)‘aﬂ,4 == )\46'4—6—P; *‘d—c—

Substituting Eq. (37) in (1) we find that the light scattering intensity is expressed through the mean

values quP;",rq, P,ch"“1 and lcql2 . These mean values, as before, can readily be found by considering
the terms proportional to APozAPB’ AP Ac and (Ac )2 in the expansion of the thermodynamic potential.

Carrying out the same calculations as for the single-component ferroelectric, we find that in ferroelectric
solid solutions the scattering intensity associated with fluctuations of polarization and composition is given
by the expression

Ji/Jo=F (1,2) kT [hsg, i hargr, i Kitt 4+ 4hap, 1 hargr, v Por Kiys - Ahag, vs Ps Py Kor) €5 €30 €5, €50, (38)

[instead of Eq. (15)].

Here i and i’ go through 1, 2, 3, and 4 (while y and y’ run through 1, 2, and 3), the quantities Kl'li,
are matrix elements of the matrix that is the reciprocal of the matrix K;jj», while the matrix elements of
the latter matrix are

Kiy = o = %3/ with i=1, 2, 3 Kig = Koi = ¢ic withi=1, 2, 3 Ky = a(:—cf (39)
Since the equilibrium condition Py = 0 is fulfilled at all concentrations, we have
Aoy /dc = @uur dPys | dC + 0 = 0.
Therefore
Oue = — uw APy [ de = — %1 dP | de. (40)

In the nonferroelectric region the derivatives dPa/dc equal zero and the fluctuations of the polarization
and of the composition are statistically independent. In the ferroelectric region some of the derivatives
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¢@qc are nonzero; consequently these fluctuations become statistically dependent. Further the derivative
¢cc near the second-order phase transition temperature can be written in the form

% =N (3ua/dc— s/ dc), (41)

where N is the number of molecules per unit volume and p A and pg are the chemical potentials of the
first and second components of the solution in the nonferroelectric region.

Thus all the quantities entering into expression (38) for the intensity of scattering by solid solutions
of ferroelectrics, just as in the case of single component ferroelectrics, can be determined by means of
independent experiments. To find these quantities one must determine the index of refraction and its de-
pendence on the electric field intensity and the concentration, the static dielectric susceptibility tensor,
and the dependence of the spontaneous polarization and the chemical potentials of the components on the
composition. In the immediate vicinity of the transition temperature the tensor K;jj should be replaced

by
Kiir + Biin @y 4 Aiinw gy g (6, =1,2,3,4;9,v = 1,2, 3),
where Bjj’, and Ajj’pyr near T, can be regarded as temperature independent.

In the case of cubic ferroelectrics in which the spontaneous polarization is directed along the cubic
axis and which have a center of symmetry, AaB,i = 0 with i=1, 2, and 3, AaB, s = Mbop and the only

one of the derivatives ¢, that is nonzero is @sc. In this case for T < Ty, we obtain the following ex-
pression for the intensity of scattering

1P 3 9
J= F (1, 2) kT / 2 [ \33,33 (e“) (C’z) + 13 u 33 (3131 + 6‘»82)2 + 2)\33,33111,336;3% (“316’32 + eieé)]

]1 —‘(CP o) %33/ P

+ }~l23,1sp;”11 [((el) + (6’2)2) (6’3) + (63) (( ‘31) + (62) )12 (3191 + 3292) 636’31

4raPoy s (€1€7) 1o, s 12 12 —-——7\‘;} }
Pecl T — (94)° %33/ D) [hs3, 336363 + 741,33 (€161 + €2€2)] + Pre — (93,)" %a3 (42 )

where F (1,2) is defined by Eq. (17). In the nonferroelectric region with T > T,
S = F (1,2) kT3 /o, (43)

In solid solutions there is thus scattering of light by fluctuations of the concentration with T > T, as well,
The intensity of scattering increases in the ferroelectric region.

The intensity of scattering can also be expressed in terms of the constants entering into the expansion
(18) of the thermodynamic potential in powers of P,. Invoking Eqgs. (19) and (20) and the expression

@3¢ = —aPdTy/dc which is valid near the transition temperature, we obtain
st = Bt 40 (T — D 1 — e () (2 V BEH S T =) o’ e e

2 12 12 1212 | 19
+ A31,53 (ere1+€9€2)" + 25535011, 33e305 (€167 + ezel)] — 20 4a AT (e‘ez) [hs3, 35653 + hin3s (€101 + € 2¢5)]

+ 13V B+ 4aCy (Ty—T) + a jc“‘m [((e1)? + (e2)?) (€3)* + (&3)((e])® + (e)°) + 2 (eiel + caes) exenly.  (44)

In solid solutions the critical point lies at the point where the second-order phase transition curve goes

over into the decomposition curve 10,13 According to Landau,17 instead of the condition By = 0, which is
true for single component crystals, we. have at this point the condition

ec By =1/5 (adT ',/ dc)?.

It is evident from (44) that in solid solutions there should also be observed abnormally great scattering
in the vicinity of the critical point. This scattering is associated both with fluctuations of the polarization
and with fluctuations of the concentration. Even if the index of refraction is only weakly influenced by the
polarization, i.e., if the values of A aB, y6 are small, extremely intense scattering of light (provided A4

is not small) due to fluctuation of the composition should be observed in solid solutions close to the crit-
ical point.
In solid solutions of ferroelectrics such as Rochelle salt or KH,PO,, where the components of the ten-
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sor Agg, v (v =1, 2, 3) are nonzero, in ordinary second-order phase transitions (far from the critical

point) fluctuations of the composition near the temperature Ty play a relatively minor part in the scatter-
ing of light. Hence above the transition temperature, where @3 = 0, we can as before use expressions
(27) or (31). Below the transition temperature in the ferroelectric region one should replace 1/k33 by
(1/k33)[ 1 = (@3¢ )?k33/@cc ] in the denominator of (27). In terms of the thermodynamic theory of phase
transitions of the second order this reduces to replacement of 2a (Ty — T) in the denominator of Eq.

(33) by

2a(Ty—T)[1 — a® (dT, | dc)? | 2B, 2cc).

6. The results deduced above, after appropriate modification of the designations, can obviously be fully
applied to transparent ferromagnetic crystals. The results obtained by means of the theory of phase tran-
sitions of the second order can also be applied to antiferroelectric and antiferromagnetic materials in the
absence of an external electric field where the former are concerned or a magnetic field where the latter
are concerned. In the presence of an external electric field the state of an antiferroelectric is character-
ized by two vector parameters and the formulas for the intensity of light scattering, just as in the cases
discussed above, can be obtained on the basis of the thermodynamic theory of phase transitions.!8

All the expressions given above pertain to the scattering of light by a single crystal having no domains.
A single crystal of this type can be realized by placing the ferroelectric in a capacitor.” Our results can
also be applied to the scattering of light by individual domains provided their dimensions are appreciably
greater than the wavelength of the light. If, however, the dimensions of the domains are of the same order
of magnitude or smaller than the wavelength, then in addition to the scattering examined above there must
also be evinced an additional extremely intense scattering by the domain walls.

In addition to scattering of light by the fluctuations of the polarization and the composition, in crystals
there is always also some scattering connected with lattice vibrations. The intensity of this part of the
scattering can be calculated? if the elastic and elastic-optical constants of the crystals are known. Both
types of scattering can often be partially separated experimentally inasmuch as they depend in different
ways on the temperature and external fields.

It would be of great interest to carry out an experimental investigation of light scattering near the points
of second-order phase transitions in different ferroelectric materials with simultaneous measurements of
the static dielectric constant, the index of refraction and its dependence on the electric field and the com-
position.

CONCLUSIONS

1. We have deduced equations for determining intensity and polarization of light scattered both by sin-
gle-component ferroelectrics (or ferromagnets) of arbitrary structure and by solid solutions. All the
quantities entering into the expressions for the scattering associated with fluctuations of the polarization
(magnetization) and of the composition can be found (or evaluated) by means of independent measurements
of the index of refraction and its dependence on the external field and the composition, static dielectric
constant and the conceuntration dependence of the spontaneous polarization and the chemical potentials (for
solid solutions ).

2, If the expansion of the dielectric constant (for light) in powers of the components of the polarization
vector contains linear terms (the case, for example, in crystals such as Rochelle salt or KH,PO, ), then
both below and above the second-order phase transition temperature there must be observed anomalously
great scattering. If there are no linear terms in this expansion (for example, in crystals such as BaTiO3),
then scattering of the type in question will occur only in the ferroelectric (ferromagnetic) region and will
be absent (in single component crystals) above the transition temperature.

3. The temperature dependence of the intensity of light scattering by crystals of the BaTiO;3 and crys-
tals of the type of Rochelle salt and KH,PO, was evaluated by means of the thermodynamic theory of phase
transitions of the second order. In crystals of the BaTiO; type (both in single component ferroelectrics
and solid solutions ) particularly intense scattering should occur near the critical point on the second-order
phase transition curve,

4. There should be observed an appreciable change in the intensity of scattering by ferroelectrics in
an external electric field; this should occur in relatively weak fields (for BaTiOj type crystals, in fields
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of the order of 103 — 104 v/cm). In the vicinity of the critical point the scattering should be strongly de-
pendent on the pressure.
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The Bogoliubov equations for the “partial distribution functions” are used to compute the effec-
tive field acting on charged particles in a plasma. It is shown that the effective field differs
from the mean field by a small quantity of the order 1/N where N is the number of particles
within a sphere whose radius is equal to the Debye radius. This result also holds in the pres-
ence of a magnetic field.

AS is well known, the electric field acting on an individual particle of a medium is not equal to the aver-
age field in the medium. For example, in a gas of free dipoles the effective field Egg is given by the
Lorentz formula Eggf = E + 47P/3 where E is the average field and P is the polarization of the me-
dium. This formula is obtained on the assumption that the molecular dipoles are mutually impenetrable
so that each dipole behaves as if it were placed inside a cavity in a polarized medium.

In the case of ionized plasma there is, of course, no basis for such an assumption. However, the effec-
tive field in a plasma should also, generally speaking, differ from the average field because there exists



