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The uniqueness theorem is proved for the solutions of the hydrodynamic equations for an in
compressible strongly conducting ideal liquid. Walen's exact solution for the case in which 
gravitational and capillary forces act on the liquid is shown to be valid. Relations for the sta
bility conditions, penetration depth etc. are derived for potential and vortex harmonic waves. 
In the case of potential motion of the liquid the current density in the surface layer is found to 
be exactly zero. 

MAGNETOHYDRODYNAMIC waves are described by the system of equations 

pdvjdt=-'V(p+V)+jxB/c; curlH=4rrj/c, opjot+div(pv)=O; curlE=-oBjcot; E+vxB/c=O, (1) 

where U is the potential associated with the forces of non-electromagnetic origin, where 

H = H0 +h. (2) 

It will be assumed that the field Ho is uniform and known and that the liquid is incompressible; these as
sumptions are justified under the conditions of the present problem. Using the system of equations given 
in ( 1 ) and taking 

a= 4~- E xH; W = ;"' (sP + p.H 2), T;h = 4~ {(sP + r•H 2)2o;k- sE;Eh -p.H;H h}, 

it is possible to find the non-relativistic equations for conservation of momentum and energy in a volume 
T bounded by a surface S: 

(3) 

ft {~(}pv2 + w) d"} =- ~ {({- pv2 + p) v; +a;} n;dS-- ~ fd". (4) 
~ s ~ 

If we are given the quantities: 

(5) 

on the surface S and the velocity and directions of the fields are given as functions of the coordinates in
side the volume T at time t = 0: 

(6) 

and if the condition of incompressibility is satisfied 

div v = 0 (7) 

the system of equations in ( 1) has a unique solution which satisfies the initial conditions and the boundary 
conditions ( 5) and (6 ), provided J.l, E, and a are independent of the coordinates and time. The proof, as in 
electrodynamics, is based on the fact that the differences of the solutions v 1, E 1 , H 1 and v ", E "and H ", 
which satisfy Eqs. ( 5) and (6 ), are also solutions of the equations in ( 1 ), where the continuity equation is 
taken in the form given in Eq. (7), and the fact that the total energy cannot increase. 

To calculate the effects of gravitational and capillary forces, acting on the surface of the liquid S, on 
the propagation of the magnetohydrodynamic waves, we can use as boundary conditions the equations which 
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describe the discontinuities in the physical quantities at the interface between two media; these relations 
are derived from Maxwell's equations, the theory of capillary action and the conservation laws 

[Et] = 0; f.Htl = 0; [sE;n;] = 0; [p.H ;n;] = 0; 

[(pv;vh + p'O;k + T;h) nk] = -7:; [{(1Mv2 + p) vi+ cr;} n;] = 0, 

(8) 

(9) 

where the square brackets denote the differences in the values of the quantities associated with the second 
medium and first medium (the given liquid) and 

( 10) 

is the Laplace pressure. 
The surface which divides the two media will be assumed to be approximately the same as the surface 

S 0 (x;) = 0, ( 11) 

which corresponds to the equilibrium configuration of the liquid. We assume that the quantities which ap
pear in the boundary conditions ( 8) and ( 9) are given at this surface; because of Eq. ( 11) these are equiv
alent to the condition given in ( 5). Applying the initial conditions in the region which is filled by the liq
uid and bounded by the surface given by ( 11), we have a complete formulation of the problem, which has 
a unique solution. 

As is well known, Walen2 has given an exact solution for Eq. ( 1) in the case of an incompressible liq
uid: 

v = ± h V p./4rrp; E = ± h X H0 V !L/47tp; 

P + pu + :rr (H0 + h) 2 + ~ (t) = 0, 

where the vector h satisfies the equation 

and 1/J(t) is an arbitrary function of time. 

(12) 

( 13) 

( 14) 

We now show that there are exact Walen solutions which satisfy the boundary conditions in ( 8) and (9) 
thus constituting a solution of the problem stated above. The only quantity assumed given is the pressure 
p" in medium 2, which is assumed to be a rarefied gas or even a vacuum. In this case it is sufficient to 
use only one of the relations in (9 ); this relation assumes the form: 

[p + pv2 + _1_ (sP + p.H2)] =-it. Srr 

To make the problem somewhat more concrete we also assume that both media are in a fixed gravitational 
field 

U = pgz, (15) 

where the medium fills the half space along the negative z-axis. Then, in view of Eq. ( 12 ), assuming that 

s" = p." = 1, s' = s, p.' = p., p"v"2 = 0, 

the preceding relation can be rewritten in the form 

p'- p" + ~ (H'- H0 ) 2 + ;rr {(s- 1) [£{ + E'}- s£~2]+ (p.- 1) [H'} + H'}- p.Hl]} =-a. (iJ2z(ax2 + a2zjay2 ). ( 16) 

At z = 0 this equation must be compatible with Eq. ( 1 ). Hence the boundary condition for the solution in 
the form given in ( 12) - ( 14) can be obtained by differentiating { 16) and ( 13) with respect to time and 
eliminating dp' /dt (dp"/dt is taken as zero). We find 

a~ {tt (H'- H0)2 + ;rr {(s- 1) [E' 2 - (s + 1) £~2 ] + (t-t- 1) [H'2 - (p. + 1) H~2] - %rrH'2 }} =F g v~ h~ 

• /[1: (()2 h~ ()2 h~ ) 
±a. V 4np iJx2 + oy• + 'P (t) = O, ( 17) 

where, as before, cp (t) is an arbitrary function of t. The Walen solution for gravitational-capillary and 
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magnetohydrodynamic waves which is of interest to us can be obtained in the following manner. We have 
the solution of Eq. ( 7) in the form: 

v =curia, (18) 

or 

v =grad cp. ( 19) 

Then h, being determined by the first of the equations in ( 12 ), automatically satisfies ( 14 ). Furthermore, 
h, and thus v, must be chosen to satisfy the boundary condition in ( 17) in the plane z = 0. The solution 
in ( 18) and the h whieh corresponds to it satisfy ( 7) and ( 14) with the choice of any three functions of the 
coordinates and time ai; for the condition in (17), however, we require any two functions of the three ai. 

The solution for v and h in the form ( 19) reduces to the search for h (or v) from the Laplace equa
tions 

6:x. = 0, 

which satisfy the boundary condition in ( 17) when the following substitution is made: 

h =grad ;c. 

(20) 

(21) 

In all cases -for vortex and potential gravitational-capillary and magnetohydrodynamic waves -the ve
locity in the direction of the fixed external magnetic field Ho has the usual value 

U = ± H0 V f1/47rp. (22) 

It should be noted, however, that in potential waves, as defined by ( 19) and (21 ), up to and including the 
dividing surface between the two media we have 

(23) 

this result contradicts the conclusions reached in Ref. 3, in which the boundary conditions j 1- 0 and even 
j = oo have been assumed without justification. 

We now consider some simple cases: these correspond to the linear approximation and to fields which 
are perpendicular and parallel to the surface of the liquid: 

Furthermore, for simplicity we assume 

H~ = H 0 =F 0; H~ = H~ = 0; 

H~=H0 =f=O; H~=H~=O. 

s- 1 = 0, f1- 1 = 0. 

First, we consider the potential waves (19) and (21 ). We have 

a ( a ) azx 
axi Hok ax~ Z = Hoh axiaxk· 

On the other hand, 

(I) 

(II) 

(24) 

thus, ( H0 V') h = V' ( Hoh). In accordance with these relations and ( 14 ), Eq. ( 13) can be transformed as fol
lows: 

a'P 1 ( 1 ") aT+ gz + p- P + 2 pv- + f (t) = 0, (25) 

where f (t) is an arbitrary function of the time which may be taken equal to zero. In the linear approxima
tion, using Eqs. (16) and (25), differentiating with respect to time and eliminating op' lot, we have in the 
plane z = 0 

a"'~'' ~'~'~ _ ~ _a_ (a"'~'' , a2'P') = 0 at" + g az p az ax2 I ayz . ( 26) 
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This boundary condition is in complete agreement with the boundary condition for gravitational-capillary 
waves. 

We consider the solution of ( 7) in the form 

cp = 'f'oCi(wl-kr). 

Substituting this expression for cp in ( 7) and ( 26) we find 

k; + k; + k; = 0' 

())2 =- ikz [g + ((f../p) (k; + k;)], 

from which it is apparent that kz must be an imaginary number, with 

·k k vk2 k 2 l z =- =- x+ Y• 

where k is a real positive number and kx and ky are also real. 
From Eqs. ( 14) and ( 29), we have in cases (I) and (II): 

(J) = -kzu = -iku, 

(27) 

(28) 

(29) 

(30) 

( 31.I) 

( 31.II) 

Thus, in case I a stable wave of the form given in ( 27) cannot exist. In case II such a wave is possible. It 
is localized in a layer of thickness d = 1/k and has the velocity of the usual magnetohydrodynamic wave, 
given by (22 ), in the direction of the z-axis, which is perpendicular to the surface of the liquid. 

From Eqs. (29 ), (30) and (31.II) we obtain the equation for the damping factor 

( 32) 

If kx = k, 

k = (pu2/2(f..)(l ± Y 1 - 4(f..gju4p ). (33) 

Whence, from Eq. (22) it is also obvious that the stability condition for waves of this type is: 

(34) 

In mercury, for example, the smallest magnetic field for which this type of magnetohydrodynamic po
tential wave is possible is Hom= 246.2 gauss. When H0 » Hom the thickness of the surface layer is given 
by the formula 

(35) 

In the long-wave case 

(36) 

In mercury with Ho = 104 gauss, i.e., with a field approximately 100 times larger than the minimum value 
Hom• we have d Pol 10-2 em from Eq. ( 35) and d ~::~ 103 em from Eq. (36 ). 

Thus, the strongest effect on the concentration of the potential magnetohydrodynamic waves in the sur
face layer is that due to the capillary forces. However, when these forces are present the thickness of the 
surface-wave layer, in general, is smaller than for the skin effect; moreover, the current density is ex
actly zero for the potential surface waves, in contrast to the skin effect and in contradiction with the state
ments of Ref. 3. In the case of vortex waves (18), in the linear approximation using (I), (II), and (24) 
the boundary condition in ( 17) assumes the form 

(17.1) 

(17.II) 

We consider a solution in the form 

1 h 
V = ± .r ----curl a = ± .r- , a = ao ei(wt-kr), 

y 4n:p y 4_n:p (37) 
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which is lmown to satisfy Eq. ( 1) and the condition given in ( 7 ). In cases (I) and (II) we have 

W == i l ( f + ~) (k~ + k~)] = - uk2 , ( 38.I) 

ky = 0; kx = ikz = k <, 0, w = ~ ( g + ~ k2) = - ukx. (38.II) 

In case I we do not obtain stable waves of the form given in (37). In case II we obtain a wave which de
cays in the z-direction and which is characterized by a penetration depth 

d = - 1 I k = (pu2 I 2a) (1 ± VI - 4ag / pu4). (39) 

Thus, the vortex magnetohydrodynamic surface waves have the same propogation and decay relations as 
the potential waves with the one exception that the current density is not zero; these waves are similar to 
the skin effect in this respect. 
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Some problems relating to the dynamics of a quasi -neutral plasma formation situated in the 
field of a plane electromagnetic wave are considered. The method of successive approxima
tions is employed. It is shown that within the limits of the assumptions underlying the anal
ysis a plasma bunch tends to spread out. 

IN connection with the proposal of a radiation method of accelerating particles1 the question has arisen of 
the behavior of a quasi -neutral plasma condensation situated in the field of an electromagnetic wave and, 
in particular, the question of the stability of such a condensation. A more or less rigorous solution of 
this problem encounters formidable mathematical difficulties. Therefore it is not without interest to con
sider a simplified problem which would nevertheless allow one to obtain approximate estimates of the 
magnitude and the nature of the forces acting on the condensation. The present paper is devoted to the 
examination of one of these simplest cases. 

We consider a syst,em of electrons and ions subjected to an incident plane electromagnetic wave with a 
propagation vector k parallel to the z axis. By using the hydrodynamic description of plasma,* which is 

*We shall not consider here questions concerning the permissibility of applying the hydrodynamic ap
proximation. 


