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The general properties of the energy spectrum of an excess electron in a crystal with a
lattice of the tellurium type are studied by group-theoretical methods, without resort to the
approximation of weak or strong coupling. The possibility of contact between the zones in
definite directions in the k-space is demonstrated. The effect of the spin-orbit interaction
is investigated. It is shown that in semiconductors of this type there can be present two
kinds of carriers of the same sign. Dispersion laws in the approximation quadratic in k are

found on various assumptions about the location of the extrema of E(k),

THE PROBLEM OF the energy spectrum of elec-
trons in semiconductors is of extreme importance
in the study of all the properties of semiconductors
and, in particular, for the understanding of the kin-
etics of processes occurring in these materials. The
complex structure of the electron spectrum in ger-
manium was predicted theoretically and has been
convincingly confirmed in relatively recent experi-
ments on the cyclotron resonance.! There is every
reason to suppose that, within the framework of the
one-electron approximation, the effective mass by
no means always has the properties of a tensor
quality (for example, for holes in germanium?).
Therefore it is of interest to see what information
on this point can be obtained by considering the
symmetry properties of the lattice.

The experiments of Shalyt obviously previde evi-
dence that two kinds of holes are present in tellu-

rium. 3

This is not possible in the simplified theory
of the zone spectrum of tellurium recently proposed
by Callen® 3. Moreover, the group-theoretical for-
mula he used do not correspond to the actual struc-
ture of tellurium. Although some of the conclusions
of Callen’s work are also confirmed in our exact
theory, the reasons for the occurrence of the effects

in question are entirely different. But the consider-

ations given by Callen on the origin of the zones

do not encounter any contradictions, and we make
use of them in the choice of the theoretical possi-
bilities, which, as it will turn out, can occur.

1. METHOD OF TREATMENT

The method* we have used is based on general
premises of group theory. The idea of the method
is as follows: as is well known, the wave function
of an electron in an ideal crystal can be written in
the form ¥, = eﬂ"unk. The Schrédinger equation

for the modulating factor takes the form:
02
[— 2m E%— -

=E, (k)u,/(r).

. R 0 F2k? ’
L*Ekl’a—x—l +‘W+ U(r)} unk(r)

1)

Here summation is understood over the twice re-
peated indices I, and U(r) is the self-consistent pe-
riodic potential. The function U(r) possesses def-
inite symmetry properties. We introduce the symme-

* A more rigorous exposition of this method can be
found in a paper by Seitz.’
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try operators G; such that CUly) = Ule’) = U(r), i.e.,
such that the action of the operator G; in the “coor-

dinate” representation consists in taking the point r
over into the pointr’, i.e.,

Gr=r. (2)

It is clear that the required properties are possessed
by the operators of translation by a whole number of
lattice constants (we shall denote them by T, =i %)
+joy * koz;’), and also by rotation andreflection
operators that take one atom in a crystal cell over
into the position of another atom in the same or in
another cell (we shall denote such operators by p. ).

In addition there can exist so-called “open” sym-
metry elements, which reduce to rotations or reflec-
tions with subsequent translations. For such oper-
ators we shall use the notation

ﬂcj}.

~

{0;

3)

If we write the Schrédinger equation in primed co-
ordinates r' and choose a new value of k' such that

X, = (3.)lm Xm —+ X9,
= (87" ) 514 (6725 e

9 Ox; 9

— then
6xl axl:

Since

’
0x;

Consequently k; =k %

X1

If we denote the Hamiltonian by 4, then Eq. €4)
in the unprimed coordinates will have the form:
Ayt (Git) = En (kys Ry, ks) i (Gir). (8)
If we understand the operators CE, to be taken in
the representation with the functions unk(r) as the
basis, then upk(r) = Gunk(r). Thus we have

HioG; i (r) = Eq (k') G i (r), (9)
i.e., our operators do not commute:
G; Hy = MG, (10)

We see that Gjunk(r) is an eigenfunction of the

Hamiltonian H '- But wehave just seen that the
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its components along the new axes are equal to
those of the old wave vector k in Eq. (1) along the
unprimed axes, then this equation will have the
same form as Eq. (1):

R g2 . he )
B
L (4)

+ U (r )] Unk (1') = En(ky, Ry, Ry) in, u(r').

F2k?
2m

-+

Since Egs. (1) and (4) are identical in form and
possess the same transformation properties, their
eigenvalues are equal. But in Eq. (4) the wave
vector is written in terms of its components along
the new axes, and if we write it in terms of compo-
nents along the old axes we shall have from Egs.

(1) and (4):

En (klf kg» kg) = E,l (k; , (5)

k‘:’. ’ k; )'
Let us go over to the unprimed coordinates in Eq.
(4). The Laplacian operator and U(r) are invariant
with respect to our transformations. The applica-
tion of the operator (3) to the coordinates gives:

(6)

(7
) 0x; 9 P
k =k =k >
! ax; ! ax;  0x; k 0x ;

eigenvalues for Eqgs. (1) and (4) are the same, i.e.,
the spectrum is symmetrical with respect to all the
operators ﬁj as applied to the k-space:
En(k') = En(k), Gjttnk (r) = the (r).  (11)
By the action of all the p on k we get in the
k-space what is called the “star”” for the wave
vector k remains mvarlant under the action of a cer-
group of the operators p, this group of operators is
called the group of the wave vector k.” In this case
there is commutability:
G, e — s, (12
We can now apply the general premises of group
theory to the study of the electron spectrum, and,
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having compiled tables of the characters of the
groups of various wave vectors, find out whether

- the zones coincide for a given value of the wave
vector (i.e., whether there is degeneracy). Such de-
generacy occurs if for the group in question there
exist representations of dimensionality greater than
unity.

2. GROUPS OF SYMMETRY ELEMENTS FOR
A LATTICE OF THE TELLURIUM TYPE

The space group of tellurium is Di. Tellurium is
a uniaxial crystal, with a structure consisting of a
set of parallel chains of atoms. Within each of the
infinite chains the atoms are connected by a screw
axis of the third order directed along the principal
axis of the crystal. The atoms of different chains
are connected by simple axes of the second order
and screw axes of the second order, located in
planes perpendicular to the principal axis of the
crystal.®

We adopt the following notations for the symmetry
operators: p} is the operator for a clockwise rota-
tion around a third order screw axis, and its square
p? is the rotation in the counterclockwise direction;
the operators of rotation around the second order
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axes are p ) (the upper index j corresponds to the
number of the axis chosen); the operator for a trans-
lation along the principal axis is T,, and those for
translations in the plane perpendicular to the prin-
cipal axis are T, (along the x axis) and T,.
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FIG. 1.

From Fig. 1, which shows the arrangement of the
tellurium atoms in the crystal cell (there are three
to a cell), and from Ref. 8, which gives the arrange-
ment of the symmetry elements in the cell, we get
the following expressions for the symmetry opera-
tors in the coordinate representation:

—1 V320 —  —V3/20
B=|—V32=" 0 =] V32—, 0f;
0 0 1 0 0 1
1 00 —1 V32 0 -, —V32 0 (13a)
pl=10—1 0 WY =] V2 i o W= |-V Y, o0
0 0—1 0 0 —1 0 0 -1
L=iw =i i, X e T= k.

Then, according to the notation (3), the operator for
a single step along a 3rd-order screw axis will be

denoted by Ct = {p}| T:/3}. For the unit operator
we write £ ={ e|0}. We write the operators for the
three 2nd-order axes in the form:

U = (o [ma/3); USY = 7 [0),

UP = (¥ 27,/3}. (13)

We have presented only the principal symmetry
elements. The word “principal” is used in the sense
that all the remaining symmetry operations around
other axes located inside the cell (according to Ref.
8 there are 15 of them in all) reduce to rotations
around these “principal” axes, multiplied by princi-
pal translations.

From the meaning of the action of the operators
that have been introduced we have the following
multiplication law for them:
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o 150 o 17y = (00, | 5 + 0,50, (14)

i.e., in the general case the operators do not com-
mute. After the expressions for the operators in the
“ . ” . .
coordinate” representation are found, we can find
for them the multiplication table (Table 1), which
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will be the same in all representations, including
the representation of those Bloch functions ¥, g
that are solutions of the Schrédinger equation in
which the Hamiltonian commutes with the group of
operators described above. But in this last case it
can turn out that some of the translations have the
effect of unit elements, and the multiplication table

takes a simpler form.

TABLE 1
~ = 3
E| C} ; c3 ] Ug”l up | ug? T, Ty T,
>1 =2 1 (2 3
E| E| T} * ¢2 l ud | v | u@ Ty Ty Ty
| =] o~ . ~ ~1
cy | ¢l ¢ Ty U | U | TUP| Toirstel| TG T,C4
T2 T for! 3 =2 ~ =2
il ¢ T TyCs |TUP| US| T T5C3 T3 TTICE | TsCy
¢l ¢l (2 —~17,(3 =1 -] = 1 —1 — —17;(1)
vh\vgt v | Tgtu | E Cy| T30y TP | rptrrtugd) Ty UL
(2 2 —177(3 —17(1 —172 ~ 2 2 —17(2)
U (U TP | TP T T B it TUR TP | TyUS
3 3 (1 2 ~1 2 3 —17(3
ugt v oy o ey | e Elpptrstpp) TUE) | T30

3. ON THE BRILLOUIN ZONE FOR B T T B
LATTICES OF THE TELLURIUM TYPE i ' —W\ L1 s w
| o Iy
It is well known that the shape of the first - _'f__i_jL_l_ o ‘1’ : , v
Brillouin zone can be found from the condition l ' S L
I RS
(k/2)s=n; (ni=0.1). (5 1
L #
From Egq. (15) we have
FIG. 2.
L [727s] [T571] +n [m172] -
2m bolmlremal]l U e [Fame]] d[vlmumall © If k varies over the range ~7 <k < 7, then
(15a) 1
gr __ L . gr 2_ T
Taking (13 a) into account we get
# i K = k" k= o T (i — L)
k__nl(. 1 >+l’ll 2 —l—»@«k —a Vs 'Y
=T e \h Ty )ty T ki'= £ k.
(15b)

(16)
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TABLE Il
[l:;sigr;giﬂcin Components of wave D:fSisg:eactii:ln Components of wave
point ‘ vector along axes | point vector along axes
r 0,0,0 T’ ke 2=/V3a,0
A 0, 0, w/b S’ ke 2n/V 3a, m/b
K 4m/3a, 0, O A 0, 0, &,
H 4m/3a, O, /b P 4/3a, O, &,
M 2m/V3a,0, 0 T, kg, 0, 0
L 2n/V3a, 0, w/b

Thus the first Brillouin zone has the shape of a
hexagonal prism. We adopt the usual®” 10 designa-
tions for the special points. Table 2 shows the
values of the wave vector corresponding to the spe-
cial points, in terms of components along the axes.

4. CONSTRUCTION OF TABLES OF
CHARACTERISTICS FOR GROUPS
BELONGING TO WAVE VECTORS

If we choose as basis functions the oscillating
Bloch factors u,(r), then all translations will act
as unit elements, i.e., with respect to this basis
the group will be isomorphic to D, and we can make
use of well known results.’! Thus for the point.
I'(k = 0) two-fold degeneracy is possible (because
the group has a representation of the second order),
i.e., at this point some of the zones come together
in pairs. If for the point A we take as basis func-
tions the unkA(r), then we shall have:

Uéi)[:[kA = [‘A[va U(2i); ’ééﬂkA = ﬂkAéé' (17)
But since k4 and —k 4 differ by 27/b, and we are
using the concept of the reduced wave vector, we
can also include all the Ul(i) in the group of the

wave vector, along with 8; and 6: The table of
characters for the Bloch oscillating factor un,k 4
will be the same as for u,, o.

Similar results are also obtained for the points
K and H. Thus there can be contacts between
zones at the points I, 4, K, H. For the points L,
M, T,, T', S the group of the wave vectors will be
E and UYY: This is the point group C,," and since
“here the multiplicity of the representations does not
exceed unity, there is no degeneracy at these points.
For the points A and P the group of the wave vec-

~ ~
toris £, C!, C? i.e., a group isomorphic to C;. '
In the case in which the symmetry elements in-
clude “open” ones (screw axes, slip planes), the
space group is not a simple product of a point group
by a group of translations, and the groups for which
the ¥, i are taken as basis are not isomorphic to
the corresponding point groups. (For example, this
occurs for the case of the hexagonal close-{)acked
%% D).
h
For the point I" we have W, o = up,0; the results
obtained can also be referred to the new basis. For
In this

lattice Dgh and for the germanium lattice

. ' inlb
the point 4 we have ¥y, x, == ¢’ YU, Ky

case
(5113)3 'pn, kA = {3 ;’:_3} '-?n, kA _ ":‘n, kl1~

We write {&|T} = T,. Now (T,)* = E (where E is the
unit element). But {e|7,} and {e|t,} act as unit ele-
ments, i.e., the multiplication table takes a simpli-
fied form. We can now divide the elements into
classes, using the following property:

AT'BA; = C,. (18)
If A; runs through all the elements of the group,
then B and all the C; obtained by this operation
belong to one class. It is not hard to verify that
there are six classes (we shall denote them by K)):

Ki=E; Ko=Ts K,=Cl TyCk
K4 - 637 T3E{1},

Ky = UL TUE, TUS, K= ToUL, U2, U2

Thus we shall have six representations. To find
their dimensionalities we make use of the fact that
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n =3m% where m; is the dimensionality of the ith
representation and n is the number of elements in
the group. We get four one-dimensional representa-
tions and two with two dimensions. To construct
the table of characters we use the following theo-

rem 12

(xS DL) - (S 142) = Dasha x| 4£.
! (19)

Here h; is the number of elements in the ith class,
and x{# is the character of the elements of the ith
class in the representation d. The coefficient a;;;

is the number of times the class K; is contained in
the products of all elements of the class K; by all
elements of the class K;. Since the multiplication
table of the elements is known, we can find the co-
efficients a;j; and get the system of equations for
the x(jd). By solving this system we get Table 3.
In this table we must take the last three represen-
tations, where the action of T; is equivalent to
multiplication by ~1. The first three representations
relate to Un,k 4 From Table 3 it follows that ¥y, k4
that we have determined the degree of degeneracy

at the point A correctly. Similar results are obtained
for the points K and H, because

T1"Pn, ky = (Ozd.’n, kg Tz'],)n, ky = wz%, Ky

(20)

1U. A. FIRSOV

i.e., the elements T,T,, T, and T, commute with all
the elements of the group, and inclusion of them in
the groups of the wave vectors for the points K and
H would lead to a trivial tripling of the number of
representations obtained (Table 3), by multiplying
the characters already found by 1, , ®®. Such con-
siderations show that the results for the points K
are similar to those for the point I'.

5. THE DOUBLE-VALUED GROUPS
FOR TELLURIUM

For the construction of the double-valued repre-
sentations, which give the transformations of spi-
nors, we can use the artifice proposed by Bethe!®
For the case in which the u,, g are taken as the
basis, the groups in question are isomorphic to cer-
tain point groups, so that we can use the double-
valued groups obtained for the latter.!! If the Yo,k
are taken as the basis, we must introduce the fol-
lowing consideration. We shall assume that

E)P=18 (0)P=3, @)2=-c.

Then

CP =03 ) (G5 ={c|2%)

i (D) y2 s . i) \4
TiTybn, iy = O0n, 1y @ = €™ UL =1{3105  (UP)={=]0}. (2D
TABLE Il
Kx\ Ka Kg K, K Kl
Ay 1 1 1 1 1 1
Ay 1 1 1 1 —1 —1
A" 2 2 —1 —1 0 0
A1 —1 1 1 1 —1
Aq 1 —1 —1 1 —1 1
A, | 2 —2 1 —1 0 0
TABLE I\ Ta6auuma 4
Tyl | ol es v | eu | TuiPlerul)
el o L ors | 2| 75 E % il | cnele |
WO GCy| dCy | T r, o oru® | v | ru®
0 IV R L B 1 1] -1 | 1] —i —i i
A 1] —1 | =1 | 1 1 1] — | =1 | —i i i —i
Ay’ |2 =2 | -2 2 —1 | —1 1 1 0 0 0 0
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But the relations (21) are insufficient for the con-
struction of the complete multiplication table of the
elements, which is necessary for the determination
of the characters. In the Appendix it is shown that
it suffices to know any two non-trivial multiplica-
tion rules, whereupon all the others can be found.
Using the relation (18) and the law of multiplication
of the elements, we can divide the elements into
classes and use the theorem (19) to find the char-
acters. In this connection it must be noted that our
operators have the same action on the coordinates
as before, although they act differently on the spi-
nors (cf. Appendix). By these considerations we
get Table 4. For the points H the results are simi-
lar to those obtained previously.

6. GENERAL PROPERTIES OF THE
ZONE STRUCTURE

Using the results that have been obtained, we
consider the problem of contacts between the zones.
What happens with the two-dimensional representa-
tion Iy if we place ourselves at the point A? Using
the table of characters for the groups of these wave
vectors, we reduce [ into irreducible representa-
tions of the group of A (i.e., we reduce the repre-
sentation E of the group D, in terms of representa-
tions of the group C,).® We have:

Iy = A, + A, (22)

Since A, and A, are complex conjugate representa-
tions, they belong to a large number of pairs of com-
plex conjugate functions. But because of the sym-
metry with respect to time inversion 11,14 any pair
of complex conjugate functions belongs to a single
energy level, i.e., in the absence of a magnetic
field we will have contacts of the zones along the
entire z axis in the k space. This conclusion is
also valid for points of the type P. Along all other
directions in the k space the degeneracy is removed,
and there is no contact of zones (apart from the
possibility of an accidental degeneracy). If we take
into account the spin-orbit interaction, these re-
sults are somewhat changed. As is well known 1
the operator for the spin-orbit interaction has the
form:

(k[ 4m2c?) [VU (r) p] o. (23)
In the case of degeneracy we seek the Y-function
in the form:

U = AUy Svy, + Aplty S, + AglsSeyy 4 Aty Sy, (24)
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where u will transform according to the representa-
tion 4 x Dy, if u, and u, transform according to the
2
representation 4 and the “free” spinor (S, , S_1)
2 2
according to D‘/z' To find out whether the degener-
acy is removed, we must reduce 4 X Dl/2 into irredu-

cible double-valued representations of the symme-
try group of the given Hamiltonian. The characters
for Dy, can be found by taking the traces of the ma-

a 8 . . .
trices | _ 8 ‘l’ which give the transformations of the

“free” spinors.!! We have

R leims () N 0 ¢
1 — 7 r,_(l): te. 2
oL IO ei"’l?'l 2 [i o | (25)
ies 7N =1, x()=—1, 7" =0.

After some simple algebraic transformations, we get:
Ly X Dy, = Iy + Iy 4 I'y;
Ky X Dy, = Ky + Ky + Ks,
Ag X Dy, = Ay + Ay + As;
Hy X Dy, = Hy + Hy + Hy .

(26)

We recall that I and K, are identical to £ in the
group D,, and I}’ and K,’ are identical to E,' in the
group D, ; I'} and I';, K{ and K; are identical with
E'in the group D; ( cf. Ref. 11).

Since in all of the equations (26) the two first
primed double-valued representations are complex
conjugates, they can be combined into one. Thus,
at the points I, 4, K, H the two-fold degeneracy is
removed. Furthermore,

AyX Dy, = A 4 Aj and Ay X Dy, = AL+ Ay
(27)

Here A; and A, are conjugates, arose from a single
level, and therefore can be united in a single repre-
sentation of doubled dimensionality (in virtue of the
symmetry of the spinors with respect to time rever-
sal'® 17) Thus in this case also the two-fold degen-
eracy is removed. :

Thus, if we neglect the spin-orbit interaction,
among the infinite set of zones there are pairs of
zones that are in contact with each other along the
directions in the k space that have been indicated
above. Although one cannot draw a unique conclu-
sion as to whether contact occurs between the two
last valence p zones in tellurium, there is such a
possibility. According to Callen, these p zones
are in general contact along all directions in the k
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space, which excludes the possibility of the pres-
ence of two kinds of holes in tellurium. From the
above considerations it follows that the contact oc-
curs only along certain directions in the k space,
and then the dispersion law E(k) can be different in
the two p zones, i.e., the effective masses of the
carriers in these zones can be different. A choice
between the existing possibilities can be made ei-
ther by comparison with experiment, or else by re-
sorting to Callen’s idea about the origin of the
zones in tellurium,* assuming that his arguments
provide evidence in favor of overlapping of the p
zones (but not their complete contact). If in zeroth
approximation the edges of the valence zones coin-
cide, then they have their extrema in common, and
they necessarily lie on the lines of contact or near
them. As we have seen, the spin-orbit interaction
removes the degeneracy, and the lower edges of the
zones do not coincide, i.e., as the temperature rises
there will be an increase of the relative number of
those current carriers that are in the state corre-
sponding to the energetically higher zone. If the
holes in the lower zone have different effective
masses from those in the upper zone, then at low
temperatures these holes alone will play an effec-
tive part in processes; but at higher temperatures,
when the numbers of carriers of the two kinds is
approximately the same, the course of a process
can be mainly determined by the properties of the
other holes. Just such properties in tellurium are
proposed by Shalyt for one of the possible explana-
tions of his experiments.3

The results are valid for arbitrary values of the
wave vector k [we agree to reckon k from the point
of the extremum for E(k)]. To be more specific, let
us obtain in analytic form the dispersion law E(k)
in the approximation quadratic in k, for various par-
ticular assumptions about the locations of the ex-
trema.

7. THE DISPERSION LAW FOR LOCATION
OF THE EXTREMA AT THE POINTS T, 4, K, H

We assume that an extremum occurs at one of
these points. For the non-degenerate case (repre-
sentations of types A, and 4, in the notation of

Ref. 11) the dispersion law has the form:?
E = DjfR*R®, (28)

Piipt;
E 0)_E[ (kn) ’
0

a3 _TLE
where Djj’ = Zm T m‘- 2
i

P} = *ih\u 6"' K, 4%
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and k, is the point around which the resolution is
carried out. This is the equation of an ellipsoid. It
is not hard to see that this will be an ellipsoid of
revolution around the z axis, because from the sym-
metry properties of the spectrum it follows that
E(k)= E(k")if k'=plk. For the point I" this will
be a single ellipsoid (Fig. 3, a); for the points 4,
K, H the pictures are more peculiar, and are shown

in Fig. 3, b, ¢, d.

|
]
!
e e gt

3 - _—L\
a 4
S R ——
T O[T
) | | COl L | A
L Bt m A==
I4 a
FIG. 3.

Of more interest is the case of two-fold degener-
ate states (representations of type E in the notation
of Ref. 11), for which the dispersion law is deter-

mined by the equation:2
RS —E DiERRP
lD 1J ¢ — 0. (29)
lD“B DRk —F|

The coefficients D are determined in a way simi-
lar to that shown in Eq. (28). All told there are 24
unknown coefficients. We can reduce this number,
knowing the law of transformation of u; and u, un-
der the action of the symmetry operators. Obviously:

7;111 = (Eé)lllll + (E:L)nufz;
Clu, = (C3)o1u1 (C3)o,un

and similarly for the operators Ef, Uz(l), U(zz), 023)-
We must find the two-rowed matrices corresponding
to these operators in the representation of the Bloch
oscillating factors u, and u,.
use the operator multiplication law obtained in the
coordinate representation, but valid in any represen-
tation, and the orthogonality rules for matrix ele-
ments !

For this it sufficesto

2 G?R (Glgm )) = (p/fa) ax{ﬁailakm- (30)
G
Here « and 3 are indices labelling irreducible repre-

sentations, f, is the dimensionality of representa-
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tion o, p is the number of elements in the group,

and qu are the elements of the matrix correspond-
ing to the element G in the representation . In this
way one can show that u, and u, transform like x and
y under the action of the operators of the group D;

in the case in which the first 2nd order axis makes
the angle ¢ with the x axis, i.e.,

.~\1 0 \ a_ | V32|
01 Tl v32aL ]
V'3/2 1/, (31)
U — cos 20  sin2ep
® 7| —sin2  cos2o ete.

Using the law of transformation of the functions
under the action of the operators of the group D;,
one can verify that:
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pia = p;a = pfb :p;b = 0;

Pia = Pa = pis = pgy = 0;

P = pay =05 ply = pyv = piy = plhy =0
X __ Y. X X, 2 z
Pia = P2a;  Po = — Pip; Prar = — Py (32)
P = — Pay = — ply = — pll.

Here the index a labels functions transforming ac-
cording to the representation 4,, the index b those
belonging to the representation 4,; the indices 1
and 1', 2 and 2, and also ! and !’ label functions
transforming by various two-rowed representations
E. We get the dispersion law in the form:

— ARy — Akyk, + Ayl + Ay (By + k) — E — Askiky — Akyks |
— Aykiky — Akiky, — AR 4 Akyk, - Agky + Ay (KR4 K) —El

B PP w2

Al—

a

#i2 #2
A =g~ D~

2

—
mi DE, —E  mi DE,—E
b

A=z

1

Solving the quadratic equation for E, we get:

A, Al

E = Ad2+ (4, —

It is not hard to see that the radicand is equal to
A (ke + iky)? + i Ak (ke — iky) ||
T(x+ly) + z(x—ly) ’

i.e., it is always positive, and consequently E is
real.

In addition the solution is invariant with respect
to p, 1), since the action of this operator reduces to
the replacements k, » —k,, k,; » —k ,, and with re-
spect to p}, since this results in multiplying %, +

Lt S 5 P
’ it P T K
2m m? < E,—E (33)
o] & » A
md & E,—E °
Plar Py + Ply PYy
E,—E
' 1
2 ) (K5 4 Ky) =+ [—,f— (s -+ K52 + A2k (R: + by ) — AA, (kK — 3k2) ky/eZJ . (34)
k= ksindcoso, ky,=Fksindsineg,
kz = kCOS '9',
we rewrite Eq. 34 in the form:
E = k? {A3c0523 -+ (A2 __,_‘3_‘) sin?§ 4+
A2
=+ [sin2 & <Tl sin?® + A2cos? 9
(35)

ik, by @ =e2"/3 and k, — ik, by o*=€"*"/3.
Thus our spectrum satisfies the needed require-
ments of symmetry and reality. Keeping in mind
that

\ Ts
— A;Asin 9 cos 9cos 3o ” } .

Let us investigate the place of contact of the zones
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for the case in which the radicand vanishes.
First case:
sin2d = 0,
i.e., there will be contact of the zones along the z
axis, as follows from our earlier general arguments.

Second case:
2

For ¢ # n/2 we get:

tan® & = 2~ [cos 3p 4~ (cos?3p — 1)'h].  (36)
1
For contact of the zones it is necessary that the
solution (36) be real, i.e., cos 3 ¢ = t1. Conse-
quently, the solutions (36) will be:

2W/3, 4’?\.’/3, tan (S‘extr) = 214 / Al’

(“(}extr) = - 2A/A1'
(37)

Along these directions an additional contact of the
zones will occur. This is an accidental degeneracy
occurring only in the approximation quadratic in k.
Let us denote the angle-dependent factor in Eq. (35)
by m*(#, @) (the signs  correspond to the sign of
the root). According to Eq. (35) we have two kinds
of carriers of the same sign, with masses m" and
m_ which are already not tensor quantities. A

Pextr = 0,

5w /3; tan

Pextr = "T/S’ T,

change of sign of m* or m~ for certain values of ¢

¢ would mean that we obtained a resolution near a

x ¥ X y 2 2 .
P = P = Pay = Parr= Py = pa1 =0;

X -y . X NS
Por =P Prr = — LP1or

A
—41— sin%® 4 A2 cos? & — AA, sin & cos 9 cos 3p = 0.

X LS
Pia = {P1as

IU. A. FIRSOV

point of inflection, which in the present work is in
general of no interest. Therefore we shall assume
that the parameters 4, 4,, A,, A; are such that this
case does not occur. For the points 4, K, H we get
exactly similar results, with the single exception
that at these points there will appear a characteris-
tic pattern of repetition, analogous to the situation
shown for nondegenerate states in Fig. 3, a—d.

8. THE DISPERSION LAW FOR
EXTREMA AT THE POINTS A, P

It was shown in Sec. 4 that in this case the group
of the wave vector isiisomorphic to C;. Then:

* . L .o/l
U =uy; Gy = ouy; Cily = &%U,.

For these points
(u;(@/0x +i0/0y) uds = 0,

because juj is invariant with respect to C; and
(/9% t id/dy) is multiplied by w or w?®. In a simi-
lar way we get:

[ u1(0/0x + id/dy) uy d=
~{us (0/0x —i0/dy) uy dx = 0.

Proceeding in the same way, one can verify that

Pla = pza 0;

(38)

Pra=—ipa; P =—(Ps) -

Here the index a is affixed to functions that transform according to the representation A, (i.e., for which
the operation C} amounts to a factor w). By a procedure like that of Sec. 1, we get the dispersion equation:

A(K: 4+ F)) +Bk:—E
Ays (kx — iky)? + By, (k, + iky)
where

$2 l Pia i

— 2N —
A= 2m T m? S E — E

X r4 X r4
Pia Pary =+ Py P1ys

Ay (ky + iky)? + Biok, (R — iky)
2 2 2 =0, (39)
A(kx + ky) + Bkz — E
a P [* . | _ P !pfalz
mANE—E’ T T QE,—E
7 a

h2 _ !plzl' ’2

T m* LE,—E’

i

= Bys + iBps.
E]. —E
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In the problem of the contact of zones we get anal-

ogous results, the only difference being that now

tan (Yexty) = — | Biz |/ A1as

€Os 3Pextr = —+ Biz /| By |-

The dispersion law depends on five parameters and
has the form:

E = Bk; + A (kK + k3) = [A% (K + K5)
+ | Bya [P k2 (K3 + &3)
+ 2 Re (Ay9Blek: (ky + iky)®)]r.

(40)

A au 10
[VUK] 68, = Sy, (T,x- by —

[VUK] 65—y, = — S_u, (%—lj ky — %% ke)+ S, [i2 <-‘;% —i —67) —i 2

The action of [VUplo is similar, but k; must be
replaced by -i%9/dx; = p; .

In order that there be an extremum at the point k,,
we must have:

{ uiVude=0, (s, fI[VUK]G]s, j)=0. (43)

The second of the conditions (43) is automatically
fulfilled in crystals with a center of inversion.

In our case it is not fulfilled. This means that the
extremum is displaced from the point k;. For degen-

(5

1111
9. THE SPIN-ORBIT INTERACTION

The Schrédinger equation for an “excess” elec-
tron in the crystal, including relativistic effects, if
we neglect the displacement of the entire spectrum
by amounts of the order of (v/c)* times the separa-
tion between zones, has the form:

{Hy+ VU (D K] 6

P (41)
+ g [VU (1) 15} s (1) = En(k) e ).

We introduce the spin functions S,/2 = (1) and

0
0
S“/z = (1) ; then:

) i S (ke k) |

(42)

; OV (kx — iky) ] .

. oU

erate states we shall seek the function in the form:

U = ayuy Svj, + AollsSiy, + A3ty Sy + AuUsS 1y, (44)

A. The points T, 4, K, H.

A consideration of the selection rules of the ma-
trix elements of the operators [VUkls and [VUplo
for the two-rowed representations of the points T,
A, K, H enables us to obtain the dispersion law in
the form of the vanishing of the determinant

ol =0;

“11 = - Alki -_ Akykz + 'Tky‘— E’,

®yg = iThs; ®yy = — "(kz§

Here

.k ~(aUA ggA> de:
lK—4m202 Uy 'a‘gpx'—'ax Py Uqar,

15 » U
T= T ) i g W

For k = 0 the determinant breaks up into two:

(X12= _— Alkxky _ Akxkz -_ Tkx + ix,

Ugy =— Askiky — Akyk, — TRy — ix,
Koy = — Alki, + Aksky — 1y — E', 093 = — ks, 05y = — i1kz;
ogy = — iVky, Ogg = — Yk, g3 = — AL — Akyk, — 1ky — E’,
0gy = — Aykiky — Akyk, — 1k — ix;
wgg = — A Ryky — Akik, — 1k, + ix,

(45)
(49)
Oy = — Rz, gy = ik,
a44 = - Alki + Akykz "‘I— Tky - E’.
E —ix E ix
=0, =0,
e E l —ix E (46)

i.e., at the point k =0, E = £ | x| and there is a
splitting; therefore we can rewrite Eq. (45), using
as basis functions those that satisfy Eq. (46):

for E = —|x|

ur = 27 (uy + iug) Sy wr = 277 (uy — ity) Sy,
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for E = | x|

u;I =27 (uy — iuy) Sy u;l =o'k (uy + iug) Sy,

This corresponds to a canonical transformation
by means of the operator A4:

1i0 0

00 1 —i
A 47
A=11_:0 o

001 i

Transforming the determinant (45) and expanding
it, we get the equation:

(E® — w2 —|d ') = 44297 [(E" — | x])

+ A (6 + Y, (48)

where

A2
|d? = (B% + k3)" + (A%R: + 1) (Kx + &)
— AA, (B — 3K%) kyk,,
1 (Ry ) ¥ (49)

First case:

For Ak?> 1k, Ak?>|x| wegetE'=t|d]|,
which is the same as Eq. (34).

Second case:

If k<< |x|, Aik*<< ||, where 4; is the larg-
est of the parameters, then for k&, ~ y/4; we have:
A, k*~ y*/A,, i.e., the terms yk and 4; k? are of the

IU. A. FIRSOV

same order of smallness. But y*/4; < [ x|, i.e.,
the off-diagonal terms in the determinant are small
in comparison with 2| x |, and therefore we can neg-
lect them and solve the two 2nd order determinants

—|x|—E"  2ikx _
— ik —|x|—E ’

(50)
[%]—E’

0 = 0.
0 pu—r|

independently. As the equipotential surfaces we
have two ellipsoids of revolution, with their centers .
displaced along the & ; axis by 4y/4;:

Ejo=|x|— 2T?/A3+(A2_A1/2) (ki—f‘ki)
+ Ag (R 4= T/A3)2. (51)

Thus, in agreement with the general conclusions of
Sec. 6, the effective masses of the carriers at low
temperatures are different from their values for high
temperatures. The points 4, H, K differ in showing
a characteristic repetition pattern, analogous to the
situation shown in Fig. 3, a—d. For nondegenerate
states of type A, or type A, (Ref. 11) we have not
obtained any significant results, because in this
case all the matrix elements of the spin-orbit inter-
action operator are zero.

B. Points of Types A and P

By a similar argument we get the secular equation

(1Binll =05

pll :K—-—E’,

p12 = ikz?),

Bis = iy (ky — — iky),

Bro = Aup (kx + iky)? + Biok, (ke — iky) + i3 (ky — iky),

Bor = — ikz5y4, Boo = x — L7,
;2 (kx - iky)2 + Bi2kz (kx —"' lky) + l(“)' (kx ‘.L iky)y
1833 =—%x— E’r

.823 =

.831 = iT (kx -+ iky),

Bos = i (kx + iky),
(52)

1834 = 07

By = Ayy (ke + iky)? + Buoky (ke — iky) — id (ke — iky),
By = Al (ky — iky)? + Biok, (ky + iky) — i3 (ky + iky),

Beo = — iy (kx"‘ik_v)» Bas =0, 4 =—n—FE".
Here
, ) O «/0U~ AU~
E'=E —BE: + A (k% + k2); x:mgul <»a«x~py———»@px>uld':;
N he s [ QU . oU #i2 ou
0 = Wgul (\70_}61 —_ l'@) uzd":; T= Zﬁpgulul “azd'f
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For E > | % | we get the results already known from
Sec. 2. For the opposite case E < | x| we can
solve independently two 2nd-order determinants;
i.e., we get

131y
B /" 7

(53)

18
B

Ey = —|x| + A(k} + k) + Bk:.

Ey=|n|— 5+ A(+ )+ Bk +

(We note that y and x are real, and & is an imaginary
quantity.)

The interpretation of the results goes just as in
case A. For the one-dimensional representations of
type A, the inclusion of the spin-orbit interaction
does not lead to any new results, since all the ma-
trix elements are zero.

C. Other Cases of Location of the Extrema
For all points other than I, 4, K, H, A, P there

exist only one-dimensional representations, i.e., at
such points the zones are not in contact, and thus
the dispersion law has the form (28), i.e,, the equi-
potential surfaces will be ellipsoids. A special fea-
ture is that because of the symmetry of the spectrum
with respect to D, in the k space the number of ex-
tremal points is increased by multiplication and can
be as large as six (if they do not lie on any symme-
try element). For points of type T there will be
three ellipsoids of revolution; for points S there

will be repetition like that shown in Fig. 3, a—d.
For points of type = we have six ellipsoids of revo-
lution, etc.

CONCLUSION

In presenting our results we would like to remark
that on the basis of the experimental data existing
at present, according to which the effective masses
of the holes are different for high and low tempera-
tures, one can draw the conclusion that for hole-
type tellurium the case of zones in contact is real-
ized and the extrema are located at some or other
of the points I', 4, H, K, A, P. This same case is
also obviously realized for electron-type tellurium.
The results found are valid for arbitrary lattices
with space groups D}, i.e., also for selenium. The
whole question comes down to just where the ex-
trema are located, and whether the last valence
zones are in contact. The positions of the extrema

5

can be found either by numerical calculations, which

despite all their elaborateness cannot at present
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pretend to great accuracy, or by comparison with
experiment of the conclusions that follow from the
various possible forms of the spectrum. The latter
approach appears the more promising, and in this
way the writer has been able to obtain expressions
for the magnetic susceptibility coefficient’ and for
the cyclotron resonance frequency.

In conclusion the writer considers it his duty to
thank Prof. A. I. Ansel’m for a discussion of the
results and for his constant interest in the work.

APPENDIX

For the ordinary point groups we have:

pé pél) = pé«'f), P; péz) = pél)

From geometrical considerations it is clear that
these rules must be satisfied with accuracy up to a
multiplication by 8, so that we must have one of the
four possibilities

e, wip = 0
e = e, ehel? = e, )
At =P ma =%
oL 5;1) = ® 5; (j;z) zgén_ av)

For case I: aé = p® ol =pNe®, or, multiply-
ing Eq. (I) by 8p} on the left, we get:
g

A A . A A’ —1 ~ A
PO = ()TN, e, (A0 ER)THp0 = dp-

Thus we have:
oy pf¥ = Bo @

Taking the reciprocals of (I) and (1), we have:

e =00 WR=0 0P =i (@
Multiplying Eq. (2) by p} on the right, we get:
p<s)p1 = Bo0; 9‘1)01—09(2) ;;%; — a(j;:s)_ (3)
Taking the reciprocals of (3), we have:
(4)

pg P£3) = Pél), pg p;l) = {,é2); pg pg2) = 953).
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Multiplying Eqs. (I) and (1) on the right by %, P2,

9 respectively, we get:

Taking the reciprocals of (5), we see that:

It is not hard to verify that with these rules of mul-
tiplication p{1~ go into one class, and 8p =Y
into another class, and in addition p} and 8p2 form
one class and 8o} and p? another. For the cases
(I) - (IV) this would not occur, and therefore they
are not realized.

The fulfillment of the conditions mentioned above
is necessary. In fact: 5p? and p} must go into one
class, since there is an element that changes the
direction of the 3rd order screw axis into its oppo-
site; 5" and 8p{? cannot go into a single class,
because there is no element in the group that takes
one 2nd order axis over into the other and at the
same time changes the direction of the axis into its
opposite. It is well known that the elements {ﬁll T}

and {ﬁm | % .} belong to one class, if there is an ele-

ment {;’}:l T, } such that the relation

CNEA T CAES T P BTN R )

holds.

Recalling that our operators act on the coordi-
nates as before, we get the following limitations on
T, and Ty

T T PR = T TP (8)
Taking, for example, 51 =pl, 5'" = 8p? and noting
that the action of & on T is equivalent to multiplica-
tion by a unit element and that these rotations are
conjugate by the use of ﬁ,('), we shall have:
ﬁ,(')'tl =T, or t,==7 . Thus there go into one
class the elements

IU. A. FIRSOV

{p1] =,/ 3} and{e]| — <.}~ {3p2| 2t, / 3},
and into the other class
{e],}- {pl] v,/ 3} and {3p2| 2, /3}.

Carrying through a similar consideration, we get 12
classes. Knowing the multiplication law of the ele-
ments, we find that of the classes, and, using Ref.

19, we find the table of characters (Table 4).
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