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It is shown that there exists a relation between the cross sections of the reactions He®
(pp) He3, He3 (nn) He3, He3 (np) T; T (pn) He’; T (pp) T; T(pp) T. This relation is based on
the hypothesis of charge invariance of nuclear forces; because of it we can reduce the num-
ber of independent parameters (phases) necessary for a complete description of these reac-
tions. The cross sections of these reactions are all expressed by the same parameters §(T)
and €(T) [the phases and mixture parameters in a state with isotopic spin T'] and thus it is
possible to carry out a phase analysis of all these reactions simultaneously. The method we
have applied is a general one and is applicable, with only slight changes, to all reactions

involving light nuclei.

1. INTRODUCTION

IN the present work we have investigated the rela-
tion between the cross sections of certain nuclear
reactions that follows from the assumption of charge
invariance of nuclear reactions. We apply our con-
siderations to reactions that are possible for a sys-
tem of four nucleons [2 protons and 2 neutrons (2p,
2n); 3 protons and 1 neutron (3p, n); 1 proton and 3
neutrons (p, 3n)] at small energies:

T (pp) T; He? (pp) He?; T (nn) T;
He3 (nn) He?; T (pn) He®;, He? (np) T.

It will be evident from what follows, however, that
our method is a general one and is applicable for re-
actions involving any type of light nuclei.

We divide the space in the center-of-mass system
of the colliding particles into two parts: the internal,

which is bounded by some radius r, and the external,

which fills all the remaining space. The radius r is
so chosen that at distances r> r, there is no nuclear
interaction between the colliding and outgoing par-
ticles. We know the exact wave functions of the par-
ticles in the external region for such a choice of r,.
In the case of uncharged particles, these are the
ordinary wave functions of free motion, and in the
case of charged particles, they are Coulomb func-
tions.

In reactions involving light nuclei, the wave func-
tion in the internal region ought to satisfy the re-
quirements of charge invariance. In order to under-
stand t,t{what they reduce, let us consider as a con-
crete case the reactions T(pp) T; T(pn) He?; He?
(pp) He® for small energies, when other conceivable
reactions, such as T (pd) d, are not possible. In a
collision of a proton with a nucleus of tritium in the
internal region (rg ro), there is formed some sort of
state of the system consisting of two protons and
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two neutrons (2p, 2n). This state decays either to
T+p or to He® +n, because the others are not pos-
sible for small energies.

For r=r, the wave function in a state with iso-
topic spin T is a combination of two terms ¢'!(T)

and cp(z)(T):

¢ (T) = 91, ¥ (T) = (T + p) ¥ (T),

(1) = ks ¥ (D) = (1 + ) ¥ D).
1.1
where ‘IJT, ¥, ‘I’He3 and ¥ _ are the wave functions
of the internal state T, p, He® and n, while ¥ (1Y (T)
and ‘l’(z)(T) are functions of the relative motion of
the systems T +p and He +n, respectively. It fol-
lows from charge invariance that @V (T) and
cp(2) (T) ought to change into one another for an ex-
change in the places of the neutron and the proton;
consequently,

YO(T) = ¥ (T) =¥ (T).

The total wave function for r<r, is a superposi-
tion of states with isotopic spinT=0and 1: ¢
and ¢ _,. The wave function ¢ _, ought to be
symmetric for the substitution ¥, 2%, 3, ‘I’p v
and therefore,

9ry =90 (1) + 9@ (1),

The function ¢ 7_, ought to change sign in such an
exchange, i. e.,

Cr_o = ¢ (0) — 9@ (0).

(1.2)

(1.3)

For the scattering He® (pp) He® [the system (3p, n)],
only the state with T'=1 is possible, and for r=r,
the wave function has the form

@y =9 (He® + p) ¥ (1), (1.4)
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where, as a consequence of charge invariance, g3
(D=9 (1) =¥D (1) =W (7).

It remains for us to determine the concrete form of
the relative motion ¥ (T') for r=rg. First, let us con-
sider the state with total momentum J and parity P =
(=)' (I=orbital momentum). Since each particle in
the system (T +p) and (He® +n) has spin %, for any [
(except [=0), there exist two states with given J =/
and P=(=)!: states with total spin s=0 and s=1. If
we denote the angular part of the wave function for

given J, [, s by Y 1, s» and the radial part by R" ,

then the total function ¥ (T) in the states J, P has
the form
¥p(T) = RL(T)Yh + Riy(T) Yip. (15

The angular parts are easily constructed with the
help of the usual rules of momentum addition, while
the radial functions for r~r  have the form

RIs(T) = ais (T) R (r) — bis(T) RSP (r). (1.6)

Here a < (T)and bjls (T ) are certain constants for
each ] l s and T, while R(i)(r) are radial functions
of the free motion

R (r) =i V o (e i, (k) (1.7)
+ iV, (kr)y — L =1 (=F),
Here ] y and N are Bessel functions of the first

and second kmd t e signs () referring to outgoing
and ingoing waves, respectively, while & is the wave

b(r>re) =9 (T + p) {[C: R
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vector, in magnitude equal to the wave vector of the
relative motion in the system He3 + n, which is
produced after the decay of the
system.

Similarly, in states with total momentum J and P =

(<)'*1 (1=7 +1), the function ¥ (T) has the form

“intermediate”

R (T) Yilss,

(1.8)

]F£=l+1 (T) — l+1 (T) Yl+1

where the les (T) are defined by Eq. (1.6).
We can now write down the boundary values of the
for wave function for r=r, as
Y (ro) = (2r=1 + Pre=0)r=re» (1.9)
where the ¢, are determined from Egs. (1.1)-(1.6).
All further calculations are similar, both those for
the case /=[, P =(-)l, and those for the case /=

1+1, P=(=)!. Therefore, we need carry out only the
first of these.

2. BOUNDARY CONDITIONS

In this Section, we establish the form of the wave
function of & system of two neutrons and two protons
(2p, 2n) for such energies for which, as r->e, only
those states corresponding to the pairs (T +p) and
(He?® +n) are energetically allowed. The same gen-
ral wave function of the system for r>r  has the form
(we are at present interested only in a state with to-
tal angular momentum [ and =/ +1):

(r)— Dy B0 (ril YR + (2.1)

4+ [Cry2 Riiaa (r) — Dia B 1s (7)) Yits o+

+ O (He® + n) {[A; RS,
-+ [Al+2 R;:g+2 (r)—

Here, as before, ¥(T +p) and ¥ (He? +n) denote the
internal wave functions of the pairs T +p and He® +
n, while the expressions in the curly brackets are
functions of the relative motion of T and p, and
He3 +n, respectively. R(+) (r) and R(i) (r) are the
Coulomb and ordinary free solutlons, A B, C, D are
constants, about which we shall speak later and k
and k are the wave vectors of the relative motion of
the systems T + p and He? + n, respectively, and dif-
fer from each other only by the mass differences of
T+ p and He3 + n. The function (2.1) is divided in

the usual way into two parts

(r) — Bi R\ (M YR +
Biyo R i (M YIS 1)

W(r>rp) ="Y— + Yr—g,

which at r=r  transform into the wave function §,._,
and 8, _ , respectively. The functions ¥,._, and

‘PT - differ from each other by the different values of
the constants A, B, C, and D, which we shall dis-
tinguish by the arguments 1 and 0: 4 =A4(1)+ A(0);

B =B(1) +B(0), etc.

At r=rgs the wave function (2.1) ought to join to-
gether with the internal wave function (1.9). We shall
fist concern ourselves with states with isotopic spin
T'=1, and shall connect the function 8 _, with the
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function 8. _, which is defined by the values of the
constants A(1), B(1), C(1), C(1). The boundary condi-

tions are written in the following fashion:

Qr=1 (ro) = %r Ory (ro) = 97— (ro).  (2.2)

=1 (o),

Now, substituting the functions from (1.2, (1.6), (1.7),

and equating terms with corresponding /, we get

I4+1

an - (1) =4, (1); al—Lzl( ):Al{fz(lﬁ

bt (1) = By (1); bif3 1 (1) = Buga (1),
Ar(1) RiT (ro) — By (1) Rt (ro)
= Cy (1) A (ro) — Dy (1) AL (ry);
A (1) RiT (ro) = B (1) Rit (o)
= Cr (1) A1 (ro) — D1 (1) B (ro),
Arpa () R b (r) — B () REPLa (ro) (2.2)
= Cl—}—z(l)ﬁﬁa:)ﬂrz (ro) “Dl+2(l)ﬁ§af)l+z (ro),

Ao (1) R (ro) — Buya (1) REM va(ro)
——Cl+2(1)-73h,‘}l’kz("o) — D (1 )'/?k l+2("0)

(2.2

(the primes denote differentiation with respect to r).
We get directly from (2.2"):

Cl(l) ¢11 Al(l)_I_ Aﬁg) ( ) (2 3)
Dy (1) = i Ar(1) 413 B (1) '
and corresponding equations for [+2, Here,
W=7 [R " (ro) AU (ro) — RET (ro) kL1 (7o)

119 = — 5 IR (ro) Z5E 1 (r) — REP (ro) A (r0)),

= G IR (ro) Ak (ro) — RT (1) AL (ro)),
T = — 5 R (ro) B (ro) — R (1) Bk (1)),
20k,

2 b
To

G=— (2.4)

The R(li) were determined earlier by (1.7), while the
Rﬁf)l are functions of the motion in the Coulomb
field

BE(r) = [Gl (kyr) c=iF (ky 1)),

where F

7 and Gl are the regular and nonregular Cou-
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lomb functions.* Carrying out the calculations for
states with T=0, we get

Ci(0) = —[v{P AL (0) + 11 B (0)],

D1 (0) = — 40 41 (0) + 18 B (0)] 2:5)
and corresponding equations for [+ 2.

We now consider the boundary conditions at infin-
ity. Let the case of interest to us be the reactions
T(pn) He®and T(pp) T. In both these processes, the
ingoing waves of the nuclei He? and n ought to be
absent. Therefore, the condition below ought to be
satisfied [see Eq. (2.1)]:

Ay= A, (1) + A4,(0) =0,

(2.6)
Arye= A2 (1) + A14, (0) = 0.

The second pair of boundary conditions is connected
with normalization of the ingoing waves of T and p.
Actually, in the general problem, when we consider
collisions of protons with the nucleus T, the ampli-
tude of the ingoing (T +p)-wave is found by a simple
expansion of plane waves (with consideration of the
spins of the particles) in a series in the functions
YJ . The corresponding formulas are ordered repeat-
edly , and the second pair of boundary conditions
has the form:

Ci=Ci (1) + C,(0) = 1Y (A (1) — A;(0))
+ 4 (Bi (1) — B1(0)) = CY

szcm (1) + Cr42(0) = .‘1’1*” (Ars2(1)

— Arr2 (0)) + 12" (Brts (1) — Biys (0) = CI%,.

(2.7

Here we have made use of Eq. (2.3), while the quan-
tities on the right-hand side, Cl(O) and Cl(gé’ are the
amplitudes (unknown from the statement of the prob-
lem) of the outgoing waves of T +p. The boundary
conditions for the reactions He? (np) T and He? (nn)
He? are formulated in a similar way. In these cases,
the ingoing waves of T + p are absent.

*The coefficients yi(l) depend on the energy and on r,.
The value of ry is bounded above and below. Below, it is
bounded by the condition that for r >rg, nuclear interaction
between the colliding and outgoing particles is absent. At
the same time, ry cannot be too large, since the Coulomb
interaction can be neglected only in the zone of action of
the nuclear forces.



406

3. MATRIX OF THE REACTION FOR
STATES WITH GIVEN T
In this Section, we shall study in detail the phys-
ical meaning and the structure of the amplitudes

4, (N, B, (1), Cl (T) and Dl (7). It is evident from

A.1I. BAZ’

Eq. (2.1) that A (T) and C (T) are the amplitudes of
the ingoing waves of (lle3 + n), respectively, while
B, (T) and D, (T) are the amplitudes of the outgoing
waves. The amplitudes B and D are expressed by the
amplitudes of the ingoing waves 4 and C:

Bi(T) = SEF(T) Au(T) + Siti4ar (T) Arsa (T) +
B ML () € (T) + M hin (T) Cua (D)),
Bi4a(T) = Sii;;,. 1 (T) A (T) + Stba 1ya (T) Avga (T) +
+V B IMiEL, 0 (T) Co(T) + Mifh, 1y (T) Crpa (T)), 5.1)
Dy () = 1/75— [MEL(T) A (T) 4+ M a0 (T) Avga (D) +
l+1

11, 148

Diya (T) = Vg (M, o (T) A (T) +MEth,
(T) Ci(T) + Qi 14:

1
+ it

The matrix of the coefficients S, M, 'M,Q is known
as the reaction matrix. The element with indices

st ., (T) describes the transition between the
state (Jl's'T) and the state (JisT). The indices for
the other elements can be interpreted similarly.
Since we assume the validity of the hypothesis of
charge invariance, there are no transitions between
states with different isotopic spins T and the ampli-
tudes of the outgoing waves with given T are ex-
pressed in terms of the amplitudes of the ingoing
waves with the same 7. Inasmuch as the nuclear in-
teraction depends on the isotopic spin, the reaction
matrices for T'=1 and T =0 will be different.

The matrix elements S s+ (T) connect the am-
plltudes of the incident ana outgoing waves of
He® + n. Therefore, this part of the matrix describes
the elastic process of scattering He? (nn) He®. The
elements M (T) describe the reaction T (pn) He?, the
elements ‘M (T), the reaction He® (2p) T, and the
elements Q (T), the elastic scattering T (pp) T (all
these refer to states with given T').

It is not difficult to see that the matrix elements
M(T) and 'M(T) are identically equal to zero. We
now show that this is a consequence of the assumed
hypothesis of charge invariance. Actually, absorp-
tion of particles ought not to take place in the reac-
tion process; therefore, the total particle flux inci-
dent on the sphere r=r  ought to be equal to the flux
of outgoing particles on the sphere r= r,- But the
current through the sphere r ) can be computed by
using the wave functions (1.2) or (1.3), in which we

must substitute the values for ¥{}) and ¥‘?) from Eq.

(T) Ci(T) + Qi 1421(T) Crga (T),

n(T) A (T)] +
(T) Cry2 (T).

(1.8). In this case, use is made of the fact that the
total number of particles (He?® + n), as also the total
number of particles (T + p) found in states with

J =1 £1 and entering the sphere, is proportional to

aif ()2 + | aifs 1 (T) 7,

while the number of particles leaving the sphere is
proportional to

165 (T) [* 4 | bl (T) [
From the flux equality, it follows that

|6 (T) P + | b3, (T) P 3.2)

= [ai™ (T) ' + | aifu(D) I
Making use of the conditions (2.2"), we rewrite
(3.2") in the form
3.3)

AL + [ A2 (T) [P = | By (T) [P + | Braa (T) .

Substituting Bl(T) and B
we get:
[ A (T) P+ | Ar4e (T) |2
=AM PUSTuT P +]SiTh
+ 1 Arga (T) P 1S5 1401 (D) 2+ | St 1em

142 (T) from (3-1) in (3.3)7

("
(M)
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. . . . . p ot _g-1 .. .
4 AL (T) A4 (T) (SfiHh (T) SiiHHm (T) is unitary, i. e., if S7=S"". Similarly, it can be

I+1 1 shown that the matrix ‘M is equal to zero. This also
+ Stz u(T) Sl+21 1+21(T)) + c.cl follows from the fact that, thanks to the invariance
+[terms containing C;(T) and C;45(T)]- (3.4) of the Hamiltonian relative to a time inversion, the
total matrix of the reaction ought to be symmetric
All the terms on the right-hand side of (3.4), ex-  relative to the main diagonal?
cept the first three, depend on the elements of M.
Equation (3.4) ought to be satisfied for all values of -
4,(T), 4,,,(T), C,(T)and C,,,(T). This is possi- $=58;, =0, 'M=M, (3.5)
ble only if the matrix ¥ is equal to zero, while the
matrix

where ~ denotes the transposed matrix. It is not dif-

SEA(T) St n(T)

S = o ficult to show that the most general form of the ma-
811, l+21(T) Slim, 1421 (T) trix S which satisfies all the above conditions is
1 ’ . Lot N
sy = et (T)exp {i3}*1(T)}; isinel+1(T) exp{ (31 (T) 4 3t (T))}

isin et (T) exp {5 (44+1 (T) + 813 (T))}; coselH(T) exp (id} 33 7))

(3.6)

the Sjls (T) have the simple meaning of the scatter- where we have introduced the notation
ing phases in states J, [, s, T, while the parameter
6{(T) determi}les the amount of transitions l2(/ +2). So(T) = Sftlll(T); S, (T)
Frequently, € (T) is known as the mixing parameter. 141 I+1

We shall now show that the matrices S(T') and Q = Sit 1421 (T) = Sitan, u (T),
(T') are expressible in terms of each other. For this 41
purpose, we make use of the connection between C 52 (T) = +21 e (T), Qo (T) = Qi (T),
and D and 4 and B, which is given by the boundary N _
conditions (2.3). Since 'M=0, the latter two of Egs. 0 (T) = Quia (T) = Qt+21 u (T);
(3.1) connected the amplitudes C and D. Substituting Q,(T) = Qi+ (T)
in the right and left sides of these equations for C 2 = Mot {0
and D their values from (2.3), and expressing B in Making use of Eqs. (3.7) and (7.1, it is not difficult
terms of 4 and SJ s . (T) by means of the first two
of Egs. (3.1), we get (upon equating terms with equal
powers of A) four equations which connect S(T) and

Q (T). Solving them for Q, we find:

to prove that the matrix Q (T) is unitary and sym-
metric, i. e., that it satisfies all those conditions
which ought to be laid down for the scattering matrix.
Thus the total scattering matrix of the system (2p,
2n) which satisfies states with given J, T and P, is

Qy(T) = ks {(7”) + 188 So (T)) (v expressed by only three real parameters, for which
we can choose, for example, 8“1 (1), 82:; (T) and
+ Yié“’ Sz (T) — 7(112+2) & S: (M)}, l *1 (T). We note here that we here that we could,
w1th the same success, have expressed them all not
Q((T) = {7(” (’) ”) '{éi)}, by 8 and € but by three other parameters (ol L,
. . W 3.7 (qu (T) and x“l(T) which would be related to the
0, (T) = N {(T( 2+ T("+2) S2(T) (A" matrix (T) in the same way as the first group were
(1) — by (l+2) 2 related with the matrix S (7).
e So (M) =1, stk All the derivations of this Section apply with equal
N = (1D + 1D Sy (T)) (1{i+2 force to states with T=1 and with 7 =0.Since we deal

experimentally with states which are superpositions
of states with equal T, the total matrix of the reaction
in states with momentum J are some combination of

+ (L) S, (T)) — 7 L2 g2 (T),



408

the scattering matrices which correspond to T=1 and
T =0, and will therefore be determined by the same
six real parameters. In the general case, where the
hypothesis of charge invariance is invalid, the num-
ber of parameters in the reaction matrix is equal to

102.

4. THE REACTIONS
T (pp) T, T (pn) He®, He® (nn) He® AND He® p) T

We begin by investigating the case of the collision
of a proton with a tritium nucleus. The boundary con-
ditions at infinity reduce in this case to the absence
of ingoing waves of He® +n, i. e., the conditions re-
duce to the four equations (2.6) and (2.7). Substitut-
ing in Eq. (2.7) the expressions for Cl (T) and
C“z(T) [(2.3) and (2.5)], expressing the B,(T) and
Bl+2 (T) therein in terms of Al (T) and Al+2(T), and
taking Eq. (2.6) into account, we get the following
equations for 4, (1) and Al+2 (1):

Ar(1) 1210 4+ 1HSEP1 + Arse (1) 1DSH = CP,
A (1) ",’§12+2)S(1+) + Ao (1) [2*{§i+2) (4.1)
IS — o
S =8(1)+8:(0 (i=012).
Solving (4.1) for the various 4, we get:
A1) = — A (0) = - (CI1Z
-+ T£é+2)8;+)] _ C(O)lel)SH-)}
1
Ao (1) = — 4142 (0) = N {—CPyErIsh
+ Ci%a 1211 T 2SSy,
[2T(l) + Tgé)sg‘*-)] [2T(l+2) (4.2)

-+ Tifj—Z)S;-%-)] )] (l+2)8§+)2.

— Y12 T12

We can now compute the matrix elements of the total
reaction matrix, which corresponds to the reactions
T (pp) T and T (pn) He®. The amplitude of the out-
going (T+ p) waves is equal to: in a state with or-
bital momentum I: DIEDZ (1)+D (0); in states with
orbital momentum {+2: D, =D, +D,, (0).
To begin with, we consider the first sum.

A. 1. BAZ’

Dy =+ (A; (1) — A7 (0) + 1 (B (1) — B (0))
= Ar (1) [275) + 182 S5P1 + Apga (1) 1 SEH

122

The first equation was written on the basis of Egs.
(2.3) and (2.5), and the second on the basis of Eq.
(3.1). Replacing Al (T) and Al+2 (T) by their values
in (4.2), we get an expression of the following form

for Dl:

Dy = Qi HCY 4 Qi EanC; (4.3)
itk = (1Y + st @
+ »,(l+2)S( ’r)) J— '}/(l) (l+2)S(+)’} (4.4)

I+1

1
Qiftin = 5 SO2(D) — 1)

According to the same interpretation of Eq. (4.3),
which expresses the amplitude of the outgoing wave
by the amplitudes of ingoing waves, the coefficients
Qﬁ'l“ nd Qi:% +g) Are the elements of the scattering
matrix of the reaction T (pp) T.

Continuing similar calculations for Dl 490 We get

I+1 (0)
Dl+2 = in;l l1 (0) + Ql+21,l+2lcl+2, (4-5)

where
I+1 I+1
Ql+21,11 = Qu.l+217

I+1
Q1+21,l+21 =

N {(2»{(14-2) -+ f(l+2)S(+>) (QTYL)

J- v(l)S(-H) — /(l+2)~ (l)S(+)2} (4.6)

The matrix elements ) completely describe the scat-
tering T (pp) T in states with given J and P.

We now proceed to the reaction T (pn) He®. In
order to find the elements of the reaction matrix
which describes this process, we proceed exactly as
in the previous case, i. e., we compute the ampli-
tudes of the outgoing waves
By=B;(1)+ Bi(0); Biis= Brs(l) + Bi42(0).
For brevity, we do not repeat the derivation, but
merely write down the result:
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By =V =k AMELCY + Migta Ci¥a}, (4.7) Stith = 5 S8 + o 2EESOsOs(
Bisa = VIi/RAMiZ30uCl” + MitsrenCils), (DS (2 gL
r;l};e:l:not::szleTnzzz;sH(;fatz:,ereactlon matrix describing (l+2)S( 2 (27(1) (Z)S(J"))},

Mih =/ (o St = St = 3 8P (4.12)

1 N — —

& _ (l)S( )S =) (94 (142) z+2)S<+)
Mite =V % 12080 (@21*? + 1457 SEP)
(l+2)S( )S( )(27(1) (Z)S(+))}

4 188 1SS — 8§78,

!
SHL Ly = —S("') IS 2N (2L g g g¢)
LRes 9L+ 5 (4.8) 1 29D 4D SED
Mifan = ]/ N, 2o g2 90D 4 (D5
+ M (=12 1o, (1+ I+ +
S AN TR SEUST, — 1S (21T 4+ 1 TYSE)
Mfi%1,l+21 = l/ A {27 <l) ( ) We have thus comPuted the t(?tal reaction matrix of
the system (2p, 2n) in states with s=1 and J=[+1,
1o D 1§ g — S{Ps, P=(-)
( Ingoing particles
S =8i(1)=S (0 (i=0,1,2). Hes 4 n : T+p
! [4+2 ! I+2
We can analyze the reactions He? (nn) He® and He? S St 1 Mt 1
(np) T with the help of exactly the same consider- < + ! i Sty i Mg
ations. In this case, only the waves of lle3 + n with % % 142 SHL St e | Mithn Mﬁ‘_él Ite1
=9 4 s »
amplitudes Al(o) and Al((i)z appear, while the waves of
; : 5 1
T +p with amplitudes g _T: [ Mlii_}l Ml+21 n Qﬁ!—,h Q%fttlnl
B I+1 I+1 I+1
— Vi {MEHAD + Mt A} St Miftin Mifiiiem| Qinn QUi

Dz+2 =V kjk {’ MiThn AP + Ml+21,l+21Al+2} (4.13)

where matrix elements are given by Eqgs. (4.12), (4.8),
4.9) (4.6) and (4.4). Direct verification shows that this
and the waves of He® +n with amplitudes matrix is unitary and symmetric, as was assumed for
the reaction matrix. All its elements are expressed
by .S (T) S (T) S, (I, i. e., by the six real para-
(4.10) meters 8 *1(T), 351;(7") d+1(7). . .
By = S;—T—é] 1114%0) -+ Sfi;l ,+21A(l(_’})_2 The reactlon matrix for the states with./ =/ is
’ ’ found by precisely the same method. Here two val-
ues of total spin are possible, s=0 and s=1. In this

I+1 1
Br = Siih AP + St A%,

case the following four states are possible initially

both diverge. and finally:

The corresponding elements of the reaction matrix
are:

T4+p:s=0, s=1; He+4+n:s=0, s=1.

TMifh = M 4.11)

We omit the details and write down the result im-
mediately. The complete reaction matrix has the form:
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Ingoing particles

He® +n T+p
L,s=11l,s=0 Il,s=1I[,s=0
£ = z ,
E j’ lys=1 Sun S Mfl,ll Mfl.to
S o
gﬂ'n: l,s=0 350,11 Sfo,lo Mfo,n MfO,to
s
¥al,s=1 Mgy Mign Quun Qo
© + al i Qf 1
~ [,s§=0 Mis,10 Mio,10 10,11 Qlo,lm
(4.14)

All the elements of this matrix are easily obtained
from the corresponding (i .e., located in the same
box) elements of the matrix (4.13) with the help of
the substitution

TRTD =1, (4.15)
By S, (T) we now mean
So(T) = St (T); (4.16)
$1(T) = Stvio (T) (= Stonn (T)); Sz (T) = Sio,10 (T)-

The matrix elements S ,(T) are expressed in
terms of the correspondmg real parameters 8 (T)
and €S(T) with the help of formulas similar to (3.6).

At present we are interested only in the wave func-
tions of the system in states with given total mo-
mentum. The total scattering amplitude ought to be
obtained by a summation over the various [ and J.
The corresponding formulas have already been
derived®.

5. THE REACTIONS He® (pp) He3 AND T (nn) T

In the foregoing Section, we investigated all re-
actions which are possible for the system of two pro-
tons and two neutrons at low energy. In this case,
the system can be found both in states with =1 and
in states with T=0. In the present Section, we con-
sider reactions in systems (3p, n) and (3n, p), where
only states with T'=1 are possible. States with iso-
topic spin T =2 will again not be taken into consider-
ation, since they cannot be formed in reactions
were there are (in the initial and final states) only
particles with isotopic spin %.

Let us look at the system (3p, n). For low ener-
gies, such a system ought to have the form He3 +n at
infinity and, consequently, only elastic scattering
He? (pp) He3 is possible. In as much as only one val-
ue of T is possible (T'=1), the scattering matrix He®
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(pp) He? should coincide with the matrix Q(7) com-
puted in Sec. 3 for T =1 [Egs. (3,7)]. However, we
must take it into account that the charge of Hed is
twice that of T. This leads to a change of the func-
tion R(1 ; () which describes the relative motion of
He?® and'p for r>r°, in comparison with the case T +p.
The quantities yl are changed correspondingly.
Equations (3.7) are introduced for the case J=[+1.
The expressions for the scattering matrix in states
with J =1 are obtained from (3.7) with the help of the
substitution of (4.15) and (4 16) [here the element

Q! +'ll (1) corresponds to Q“ “(1), the element Q
9;; “21(1) to the element o, =9, ) and

the element Ql ‘a1, “_21(1) to the element Q’ 10(1)]
Similarly, in the scattering case T (nn) T [the system
(3n, p)l, where there is no Coulomb interaction be-
tween the colliding particles, the elements of the
scattering matrix coincide with the matrices S
for T =1 [the form of this matrix for J =l+1 was
given above in Eq. (3.6). The total scattering am-
plitudes for the reactions He? (pp) He? and T (nn) T,
which were obtained by summing over all /, can be
obtained by using the equations of Ref. 1.

Thus, we could express the elements of the matri-
ces of all the reactions which are possible for the
systems (2p, 2n), (3p, n) and (p, 3n) for small ener-
gies, by the parameters SIJS(T) and 6{(T). This great-
ly simplifies the problem of the experimental deter-
mination of the parameters & and €, since we can use
(in finding them) the experimental data on all six re-
actions written down in the introduction, and not just
any one, as usually was the case. It should be re-
membered that the parameters § and € depend on the
form of the wave function inside the sphere r<ro-

For each of the systems (2p, 2r), (3p, r) and (3n, p),
the form of the wave function for r=r
by that part of the energy of the system which is con-
nected to the charge invariant nuclear interaction.
Therefore, in the common analysis, we must select
such energies for the incident particles in the sys-
tems (2p, 2n), (3p, n) and (3n, p), that the energy of
the nuclear interaction in all these systems were
equal, and therefore the wave functions for r<r
likewise. This can be done approximately in the fol-
lowing way. The total energy of the system (2p, 2n)
is composed of the mass of the two neutrons and two
protons c2(2mn+ 2mp), the Coulomb interaction of the
two protons E, and the energy of nuclear interaction

(T)

lll

is determined

nt

E (2p, 2n) = E,+ Ex + 2 (m, 4 mp) c*.
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Similarly, the total energy of the system (3p, n) is
equal to

E (3p, n) = En + 3Ex + (3mp, + my) c? (5b)

In the system (3n, p), there is no Coulonb interac-
tion, and

E (3n, p) = En + (3m, + my) 2. (5¢)

In order to carry out the common analysis, we must

so choose the total energy of all systems that £ will

be the same in each. This is satisfied approximately
if

E (2n, 2p) —
E (2n, 2p) —

E (3p, n) =0,
E (3n, p) ~ —0,4 MeV.

(54d)

We recall that here it is not a question of the total
energy in the center-of-mass system.

6. BEHAVIOR OF THE ELEMENTS OF THE
REACTION MATRIX AT
THRESHOLD ENERGIES

In order to conclude the general investigation of
the reaction matrix, it remains for us to study the be-
havior of the matrix elements for small energies of
the incident particles and those generated during the
reaction.

Let us consider the collision of T with p. At low
energies, only elastic collisions are possible: T (pp)
T. Beginning with the proton energy 1.019 Mev, (in
the laboratory system), the reaction T (pp) He?® be-
comes possible. Let us investigate the behavior of
the elements of the reaction matrix in the neighbor-
hood of 1.019 Mev. For this, we note that the bound-
ary value of the radial wave function for r=r [Egs.
(1.5) and (1.7)], must remain finite for all energies of
the system; however, the functions entering into (1.5)
and (1.7) of the free motion R( *) (r) tend to infinity
for k—0, i. e., for energies w’inch approach the thres-
hold of He® +n. In order that the wave function re-
main finite as £— 0, the following rules for approach
to zero of the phases (as kro-» 0) are necessary:

87s (T) — const (kro)®'+Y;  ef (T) —> const (kro)2 2.
(6.1)
These laws are easily obtained by use of the ex-

pansion of R,(c;)(ro) in a power series in kro, and Egs.

(1.6)
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With the help of the limiting law (6.1), we can eas-
ily determine the behavior of the elements of the re-
action matrix (4.13) and (4.14) as k— 0:

(Ste1rsr — 1) = const (kro)® +2,

Sl]l.l+21 —> const (kro)zl“, 6.2)

J 14+1s, J 141
Mig 150 =My (kro) ™% Miy,149—> const (kro) ™ ",

] 1
Mi 91,1 — const (kro)'+"™.

The constant coefficient Jl; entering into the formula
for M s 1t 18 needed by us below. The elements

QJ s.ls’ remain finite for k— 0, even though they have
a break at k=0. We first consider the case /=0, i. e.,
the element Q‘:s os + It is evident from (4.4) and (4. 6)
that (0 depends only on y(l) and S(l) With the
help of Eq (3.7), we can express S( Y , Wthh for
k— 0, ought to remain constant, smce they are de-
fined in the form of a wave function for r<r,, and this
function has no singularities for £=0. We can expand
the coefficients y(O) in power series in k. Substitut-
ing these expansions in the formula for st’ oo We
get, after lengthy but simple calculations, for the
case (kro)—> 0,

gs.os - (Qos os)hn—o( 1 —

ko3| Tol?). (6.3)

For energies lower than the threshold, only elastic
scatterlng T (pp) T is possible; the modulus of Q:s os
in this region must therefore be unity and, conse-
quently, (Qas sk =o |=1 (this is also obtained upon
direct computation). The wave vector k is positive
above the threshold and becomes a pure imaginary
be low the threshold. It therefore follows from (6.3)
that, in the neighborhood of the threshold (from be-
low), Q os has a constant modulus and varies lin-
early in p’hase (with change in I k I) while in the
neighborhood of the threshold from above, on the
other hand, the phase is constant but the modulus
varies linearly. Thus, for £=0, a break occurs in
both the modulus and the phase of Qos o5+ Conse-
quently, we also have a break in the cross section
of T (pp) T, since the component | Q:s 0s —1 |2 en-
ters into the cross section. The cross section on
both sides of £ =0 must change linearly, while a
break must be observed at £ =0.

The elements Q s,1s With I ¥ 0 must behave in
precisely the same way as {° in the neighbor-
hood of the threshold. The only difference lies in the
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fact the modulus and the phase will not depend li-
nearly on kr_, but on a much bigher power of 4r.

The break vanishes only when I, =0, and this, as
is evident from (4.8), takes place only when S, (T=1
=5,(T=0)i. e.,

matrix on the isotopic spin vanishes, and when the

when the dependence of the reaction

cross section of the reaction He3(np) T is equal to
zero.

7. CONCLUDING REMARKS

The results of the present research can be sum-
marized as follows. We have succeeded in represent-
ing the elements of the reaction matrix (which cor-
respond to possible reactions in the system of four
nucleons) at low energies,

T(pp) T; T (pn)He?*; T (nn) T; He? (pp) He?;

He® (nn) He®; He® (np) T,

by the same parameters Q]ls (T ) and E]l (T). The
latter have the simple physical meaning of the scat-
tering phases in a state with isotopic spin 7. Thus,
a common analysis of all six reactions is possible
and this simplifies the problem of the experimental
determination of the phases & and €.

Up to the present, we have expressed all the ele-
ments of the reaction matrix in terms of the phases
8 and €. This is not always useful. Sometimes it is
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more suitable to work with the parameters w(7T) and
x(T) which have the same connections with the ma-
trix Q as §(T) and €(T) have with the matrix S(T).
A corresponding calculation of all the formulas of
the present work is easily carried out with the help
of Eq. (3.7), which must be solved for S_(T), SI(T)
and S(T). The calculations here are trivial and we
shall not carry them out. We must only consider that,
as follows from (2.4),

(D) — ~()* 1 .
711 'r( ) ( ) - 'Téi))

(7.1)

It (l) 2 !T(l) 2 __

12 1

k
T for k£ <0,

and

1y —
ﬁl) T(l) (1) —

S Tg?‘ for imaginary £.

In conclusion I should like to thank Ia. A.
Smorodinskii for his constant interest in the work.
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