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T 4.5 4.5 9,0 9.0 
N 300 600 300 400 

Ill: -Eo (a.) 

--

0.5 0.5051 0.5048 0 !1047 0.5043 
1.0 1.0208 1. 0195 1.0195 1. 0192 
2.0 2.0880 2.0819 ~.0839 2.0851 
4.0 4.3900 4.3:87 4.3469 4.3538 
5.0 5.6271 5.5787 5.5205 5 5305 

Carlo approxi~mtion) 190- and 280-fold integrals 
in place of the path integral. The results, after 
the production of statistical corrections, are given 
in Tables 1 and 2. 

As a control, we computed the mean value of 
random quantities and their chief moments, accord
ing to which we found the coefficients of ex pans ion 
of the function £ 0(CJ..) i.n the series E0(CJ..) 

= (xi I 1 !) a.+ (x 2 I 2!) a,2 + ... 

T I 4.5 I 4 .. s 1 9.0 I 9.0 exact val 

I I 600 1 I 
accordin 

N 300 300 400 to Ref. 3 

ue 
g 

-%1 1.0063 0.9999 0.9912 0.9940 1.0000 
-)(2 0.0397 0.0370 0.0354 0.0370 0.0252 

Both A. S. Frolov and V. Iu. Krylov took part 
in this research. V. N. Toroptseva and T. I. 
Frolova programmed the problem. The authors 
express their gratitude to M: R. Shura-Bura for 
valued advice on the problems of programming the 
problem. 

l S. I. Pekar, Investigation of the electron theory 
of crystals. Gostekhizd-at, Moscow, 

2 R. P. Feynman, Phys. Rev. 97, 660 (1955). 
E. Haga, Prog. The or. Phys. II, 449 (1954). 

Translated by R. T. Beyer 
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On Quantities with Anomalous Parity and on a 
Possible Explanation of Parity Degenera'cy 

of K·Mesons 

I. M. GEL'F AND AND M. L. TSETLIN 

(Submitted to JETP editor Sept. 21, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, ll07-ll09 
(December, 1956) 

I T is well known that K-particles may decay into 
two or three 17-mesons. The corresponding func

tions must have different parity with respect to the 
transformation of spatial reflection (i.e., the trans
formation x.->- x ., i = 1, 2, 3, t-> t), in particular: 

' ' the function corresponding to thee-decay must be 
even, while the function corresponding to the r-decay 
must be odd. At the same time it has been estab
lished that within experimental error the rest-masses 
of the e- and r-mesons coincide. This coincidence 
of Imsses is referred to as the parity-degeneracy 
of K-rnesons. Since the situation in connection 
with this problem is not at all clear, it se ens to be 
useful to investigate the behavior of quantities 
with respect to reflections (we use here the word 
quantity to denote a reJresentat ion of the complete 
Lorentz group including reflections of both the 
space and the time coordinates). Such an investi
gation has a certain intrinsic interest of its own. 
It turns out that in addition to the well known 
possible parities with respect to reflections of 
the space or the time coordinates there exists 
also one additional possibility which we shall here 
refer to as anomalous parity. 

In quantum mechanics wave functions are de
termined up to a factor. It is therefore natural to. 
define transfor~mtions of quantities with respect 
to some given group also up to a factor. Well 
known examples of the appearance of such factors 
are provided by spinors which change sign as a re
sult of a rotation by 360°, or wave functions of a 
system of partie les obeying Fermi statistics which 
change sign as a result of an interchange of parti
cles. The corresponding mathematical concepts 
are well known- they are the so-called projective 
representations of the group. We say that a pro
jective representation of the group G is given if 
to each element gfG there corresponds a lineal"' 
transformation T such that T "'"' -'a. (gi> g2) T g, T g,' 

where CJ..(g 1, g 2 ) fs a scalar. It '?ay be shown . 
that the quantities CJ.. (g l' g 2 ) satisfy the f ollowmg 
functional equation: 
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We shall consider the representations of a group 
of reflections which consist of four elements- the 
unit element and the operators of space, time, artd 
space-time reflections, which we shall respect
ively denote by 1, t 10, t 0 l' t 11 . The elements t 
are commutative and satisfy the following rela
tions: 

We denote by T 1 the operator of a certain projec
tive representation t -> T of the group of reflec
tions. Then the operatois T1 should satisfy the 
equation 

(2) 

In the case that the operators T1 commute, i.e., 
ifa.(t, t) =a.(t: t), we can assume that a.(t, t) 
= 1 for all t, t '. Then the quantities which are 
transformed by the operators of the representation 
have with respect to the group of reflections the 
usual parity properties, giving rise to the four 
possibilities: (1, 1, l), (1, -1, -1), (-1, 1, -1) 
(-1, -1, 1), where in brackets we have given the 
coefficient by which the quantities are multiplied 

as a result of being acted upon respectively by 
the operators T 01 , T 10, T 11 • The only additional 
possibility arises if we drop the requirement of 
the commutativity of the operators, i.e., when 
a.(~ t) ,f, a.(t: t). In this case relations (2) for 
the operators may be reduced to the following 
table: 

1 To1 T1o Tn 
1 To1 T1o Tn 

To1 Tol 1 -Tn -Tlo 
T1o T1o Tn 1 Tol 
Tn Tn T 10 -T01 -1 

in which the operator which corresponds to the 
product may be found at the intersection of the 
appropriate row and column. We shall refer to 
quantities transformed by the operators of such 
a representation as quantities with anomalous 
parity. 

(3) 

In the simplest case when the quantities being 
transformed are scalars the operators may be 
written out in the form of three anticommuting 
matrices of the second rank analogous to the 
well known Pauli matrices 

T _ (1 0). 
01- 0 -1 ' 

T _ (0 1\. 
lo- 1 0 I, 

\ I 
Tu = (0 -1) 

,1 0 , 
(4} 

while the transformed quantities therrselves 
("scalars of anomalous parity") are pairs of 
numbers (~1 , ~2 ), which are unchanged by proper 
Lorentz transfocmations and which are transformed 
in accordance with the matrices (4) under reflec
tions. 

The representations of the Lorentz group are 
described in detail, for example, by Gel'fand 
and Iaglom' whose notation we shall employ in 
the following. From the commutation relations 
between the reflections and the Lorentz transfor
mations we may obtain the following description. 
The irreducible representation of the Locentz 
group together with the reflections nay be decom
posed into two representations of the proper 
Lorentz group determined by the numbers (k 0 , k 1) 

and (-k k )* If k ,f, 0 and ~k are basis vec-
0' 1 . 0 ,.P, 

tors in the first represent~tion ~k = \k 0 \, \k9 \ + 1, 
... , k 1 - 1) while 1; are basis vectors of the 
second representation, then the operators T lP.' 
T 0 l' T 11 are given by formulas (5), (6), (7}, ~7'), 
of which (5) and (6) correspond to normal panty, 

') d 1 . ** while (7) and (7 correspon to anoma ous panty: 

- (0 (-1)1<). 
Tol- (-1)k 0 ' 

Tu=(l 0)\ 
I) 1 ' 

(6) 

T __ 1-1 0) 
11 -\ 0 -1 ' 

(7) 

1 0 i (-1)"' . (' ) 
Tlo= (-i(-1)!.:. 0 )· Tn= ~ .::._i ' 

T - (0 (-1)11). 
oi- (-1)" 0 ' 

(7 ') 

T -( 0 -i(-1)"\· 
10- i (-1)" 0 ) ' ( -- i 0\ 

T11 = ·)·. ,o l 

In the above, for example, the first of formulas 
(5) should be interpreted as follows: 

Tole~=(-1)k"YJ;; T01 '1l;=(-l)k~;. 
Similar formulas also hold for the case 
k 0 = 0. In this case four normal and one anoma
lous possibilities arise. 
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It may be shown that the product of two quanti
ties of anomalous parity is a normal quantity 
which decomposes into four quantities corresponding 
to the four possibilities with respect to space and 
time reflections. In the case of a product of a 
normal and an anomalous representation the corre
sponding quantities have anomalous parity. 

Since the interaction Lagrangian must be a 
scalar (i.e., it must be invariant with respect 
to the transformations T 01 , T 10' T 11), each 

term of the interaction operator must contain an 
even number o£ wave functions of particles with 
anomalous parity. Therefore in the case of in
variance under space and time reflections the 
following statement must hold: if in a reaction 
only particles with normal parity occur then con
servation of parity must hold; however, if par
ticles with anomalous parity also take part in the 
reaction then conservation of normality must hold, 
i.e., the left and the right hand parts of there
action equation must both contain either an even 
or an odd number of anomalous particles. 

This argument enables us to divide particles 
into classes with normal and anomalous parities. 
If we ascribe anomalous parity to K-mesons and 
normal parity to IT-mesons we may conclude that 
the A, l: particles have the same normality, and 
so do the partie les n, 8. For this it is sufficient 
for example, to consider the strong interaction 
reaction 

1t-+p-+ A0 +6°; K-+p-+ !:++1t-; :::- ...... K-+A0 • 

We have ascribed anomalous parity to the K
meson. The operator for the spatial reflection 
is given by the rmtrix T 10 [Eq. (4)], and conse
quently theK-meson may exist in two states dif
fering in their spatial parity. The masses corre
sponding to these two states must be the same. 

From the fact that K-mesons which have anoma
lous parity decay into IT-mesons it follows that 
normality is not conserved in slow reactions. 
Within the framework of the above explanation 
this is possible only in the case that the Lagran
gian is not invariant under time reflections. The 
hypothesis proposed by Feynman with respect to 
the lack of invariance under spatial reflections 
appears to us to be improbable. On the other 
hand, sufficient foundations do not exist to assume 
that the Lagrangian is invariant under time reflec
tions in the case of weak interactions. Such an 
explanation may also be related to the work of 
Lee and Yang 2 • 

We express our thanks to Ia. B. Zel'dovich and 
V. V. Sudakov for valuable discussions. 

*The first rep-esentation contains lk0 + k 11 undotted 
and !k0 - k 11 dotted indices, while the second rep-esen-

tation has these numbers reversed (in spinor notation). 
*"' These formulas hold for integral values of k. For 

half-integral k in the above formulas k should be re
placed by k + ~. 

1 I. M. Gel'fand and A.M. laglom, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 18, 703 (1948). 

2 T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 
(1956). 
Translated by G. M. Volkoff 
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Physics Institute, Academy of Sciences, 

Armenian SSR 
(Submitted to JETP editor August 3, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31.1090-1092 
(December, 1956) 

P ODGORE TSKII 1 has pointed out that it would 
be possible to determine the spin of a muon by 

using data on the angular c<rrelation between 
gamma rays emitted in successive transitions of 
mesic atoms. We wish to examine this problem in 
the present note and also to propose a method 
of verifying the spins of nuclei2 for which I= 0 
is doubtful or has been obtained only from theoreti
cal considerations unsupported by experiment; 
the formulas which are derived will be used to de
termine the spins of all types of mesons. 

We know 3 that for light rresic atoms (Z < 15), 
the probabilities of radiation transitions are small 
compared with the probabilities of conversion 
transitions. For heavier mesic atoms with small 
quantum numbers (n, l), the probabilities of con-
version transitions can be neglected. The follow
ing is an expression for the correlation function 
W(rJ) which is suitable for not very large Z (15 < Z 
<50)*: 

N 

W (-&) = ~ A~ 1,P2k (cos-&); A~"= A2"b2k; 
(l) 

A2k = A2k (L1L2jAjBjC) = (-i)iA-iB (2L1 + 1) (la) 

(2L 2 + 1) (2jB + !_)C1_~ ~; L,-1 C1_~~; L 2-1 W{jBjBLlLl; 

X 2kjA) W(jBjBL2L2; 2kj~_); 




