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which diminishes as x --+CXJ. The asymptotic be
havior of such a solution for large values of x 
may be represented in the form 

where g is an arbitrary constant. 
For small distances, Eq. (2) can be replaced by 

the asymptotic souation 

Equation (4) is an analog of the Emden-Fowler 
equation, and it can be reduced to an equation of 
the first order. 10 Indeed, as a result of making 
the substitution x = e-5 and of the introduction 
of y = du/ dt, we shall obtain 

dy I du.= u 3 I y- 1. (5) 

A qualitative investigation of the behavior of 
phase trajectories in the (y, u) plane shows that a 
characteristic feature of all the solutions of Eq. 
(4) is the existence of a singular point whose posi
tion is not fixed, hut depends on the constant of 
integration. 

Applying Hardy's theorem to Eq. (5), we obtain 
for the asymptotic solution (for small distances) 

u =- Jf2; ln (xI xk), (6) 

where x k is an arbitrary constant. 

-u 

In addition, Eq. (2), was integrated numerically. 

The integration was carried out by starting with 
the asymptotic solution at large distances. To each 
value of the quantity g corresponds a definite value 
of the quantity x k • 

As may be seen from the diagram the solution 
obtained by numerical integration (solid curve) 
may be roughly approximated by the functions 
(3) and (6) matched at thepoint x= l (dotted 
curves). 

The author hopes to give the interpretation of 
the result obtained above and its application to 
the description of the properties of a system of 

two nucleons at low energies in a subsequent arti
cle. 

The author wishes to express his gratitude to 
A. A. Borgardt for his interest and assistance in the 
present work. 
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S OMETIMES for the theoretical study of plasma 
one uses in place of the kinetic equation for 

the distribution function of the particles the simpler 
"transport" equations for the moments of this 
function (see, for example, Refs. 1,2). In so doing, 
in order to obtain a closed system of equations, 
one usually assumes that the distribution function 
is Maxwellian. Such an approximation cannot be 
applied to the description of high frequency plasma 
oscillations since in this case the electron dis
tribution deviates appreciably from the Maxwellian 
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distribution. However, in this case also, oue can 
obtain a closed system of transport equations by 
using the fact that the only reason for the deviation 
of the distribution from the equilibrium distribu-
tion is the presence of a high frequency electrical 
field. 

By restricting ourselves to the investigation of 
electron oscillations only we regard the ions and 
the molecules as infinitely heavy. Moreover, we 
assume that the amplitude of oscillations is small, 
and that consequent! y the electron distribution 
function deviates but little from the Maxwellian dis
tribution f 0 ( v ). As a result of being acted on by 

the electric field, the electrons acquire a velocity 
increment dv = -(eE/m)dt, as a result of which 
the distribution function changes at the initial 
instant by an amount df '=(a{ 0 I a v)=(e E/ m dt.) 

At later times, the distribution df' will vary in 
accordance with Boltzmann's equation, and during 
the first stages, this variation will be determined 
by the free acceleration of the electrons accom
panied by their removal from th~ beam as a resul~ 
of collisions. By denoting the frequency of colli
sions of a given electron with other electrons by 
ex. , and the frequency of collisions with ions 
(and molecules) by ,8 and by assuming that ex.. and 
fJ do not depend on the velocity, we shall obtmn 
the following expression for the d~stribution of 

0 

those electrons which have expenenced no colli
sion at all: 

f' (r, v, t)· (l) 

= _ ~ ~ /0evExi~' t') e- ("+~l (t-t') 
-00 

X~ (r- r'- v (t- t')) dr'dt' 

( x is the Boltzman constant). 
Electrons which have been removed from the ini

tial beam, i.e., which have experienced at least 

one collision also lead to a certain change in 
the equilibri~m distribution function. By assuming 
that one collision is already sufficient to esta
blish a Maxwellian distribution, we represent the 
above change as a change in the parameters of the 
l\bxwellian distribution-density, velocity and temperature. 

This process can he described hydrodynamically. 
If we denote by n, T the deviations of the electron 
density and temperature from their equilibrium 
values n 0 , T 0 , and by u their macroscopic vel-

ocity, ¥~e can write the hydrodynamic equations in 
the form 

(2) 

ou I ot + ~u + (xT0 I mn0 ) vn + (x.jm) vT ,= cd 2 , 

oT I ot +%To div U- x6T = (oc + ~) (mj 3x) lao 

Here the term fJ u takes into account the slowing 
down of electrons by the heavy particles, X is the 
coefficient of thermal conductivity, and the expres
sions on the righthand side arise as a result of 
the removal of electrons from the distribution (l). 

In accordance with (l), 

11 = - 1-\ f'dv 
no J 

t 0 

== _ _ e_ (_!!!__)'/2 \ \' (r- r') E (r', t') 
xT0 :!.TCx.T0 J ,\ (t- t') 4 

-00 

J m (r- r')2 } 
xexp l- (a.+~) (t- t') -- 2x.To (t _ t') 2 dr' dt', 

¥~hile I 2 and / 3 differ from / 1 only by the addition

al appearance in the integrand of the factors 

(r- r') 1 (t- t') 

and 

(r- r')2 I (t- t')2 0 

respectively. One must also add to the system (2) 
the equation for the electric field 

divE=- 4TCe (n + n'), (3) 

where 

Equations (2), (3) are the desired transport equa-
tions. For ex. ..... a, they reduce to the U3ual hydro-
dynamic equations, while for ex. = f3 = 0 Eq. (3) 
coincides with the dispersion equation obtained 
from the linearized Vlasov equation. 2 A charac
teristic feature of the system (2), (3) is the fact 
that it takes into account roughly, but consistently, 
the effect of electron collisions. 

If one assumes that all the quantities vary in 
accordance with e iwt + i k r then it is not diffi
cult to obtain from (2), (3) the dispersion equa
tion. In the general case it has a rather compli
cated appearance, but if one restricts the discus
sion to small k , then an expansion in powers of 
k can be carried out in the integrals I i and a 

sirnrler equation can be obtained. Up to terms in 
k 3 1t has the form 
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(4) 

+ ~ ':'~o k2 + xk2 (iw + (3)] 

k2w2x.To 3i(oc+f3)-4w -iw2 k2}=0, + om (oc+f'+iw)2 oX 

;vhere 

This equation has the following solutions: 
l. k = 0, 

\Vi th 

n = T = 0, (iw + (3) u =- eocEjm (oc + (3 + iw). 

For iw -:/ -{3 this gives the current under the 
influence of the external field 

(taking into account that a. , {3 << w 0 ); this is the 

usual expression for the frequency of plasma oscil
lations with "friction" taken into account. 

3. iw =-[X -x.T0jm (oc + (3)] k2, u = eEjm (oc + (3), 

T = - f 0n/n0 + i (ejxk) E, n 

=- (ikj47te) [1 + w~ (oc + (3f2] ~

This solution can be referred to as the electro
entropy wave. Fore -+0 it reduces to the usual 
entropy wave. 3 • 

1 E. P. Gross, Phys. Rev. 82, 232 (1954). 
2 A. A. Vlasov, Theory of many particles, GITTL, 

1950. 
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T liE variational principle for the phase shifts 
and scattering amplitudes has been investi

gated for the nonrelativistic case in several 

k 1 2 
wor s. ' Parzen3 has fommlated the variational 
principle for the phase shifts in the relativistic 
case. The present note gives a generalization of 
the variational principle for all scattering ampli
tudes to the case of the Dirac equation, and a de
rivation of the virial theorem for the continuous 
Dirac spectrum. The results can he applied to the 
theory of high-energy electron scattering by nu
clei. 

Let us consider the functional 

{l) 

+ V (r)- £] 'F1 (r) dr, 

where the functions 'I' i are not in general solu

tions lf!i of the Dirac equation 

[a.p +(3m+ V (r)- E] tj!i = 0 .. 

For the exact solutions, I { lf1, 1f2!= 0. Let us 

restrict ourselves initially to potentials V which 
decrease faster than 1/ r as r -+aJ. Then, in order 
that the functional {l) converge at the upper 
limit, the asymptotic form of the trial functions 

lf 1 and lf 2 should he 

where ui is a unit spinor, G (I/, n) is a single

valued function of direction, and n= r/r ; the upper 
sign in the second term of Eq. (2) refers to 
ljJ 1 and the lower one to 1jJ 2 • The function 1/J 1 

contains a plane wave propagating in the direction 
1/ 1 and an outgoing wave; the function 1jJ 2 , on 

the otherhand, is seen from Eq. {2) to contain, in 

addition to a plane wave with propagation direction 
1/ , an incoming wave. The asymptotic forms 

2 
of the exact solutions 1jJ and ·'· are similar to 

1 't'2 

Equation {2), but instead of the function G ( 1/, n ), 
they contain scattering amplitudes G 0 (v, n). 
Thus in the asymptotic form, variations o 1jJ 1 are 

due to variations o G (I/ 1 , n). 

The first variation ofthe functional (l), caused 
by variations o 1jJ 1 = t/Ji -lj!i of the functions lfi 

about the exact solutions lj!i , is given by 

81 = ~ ljid {a.p +(3m+ 1/- E} a'F1dr 
(3) 




