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An exact solution is obtained for the three body problem in the limiting case of a vanish­
ingly small radius of action of the forces. In this case, the Schrodinger equation for the 
system of three particles reduces, for motion with a definite momentum, to an integral 
equation for a function of a single variable. The solution is used for the calculation of the 
neutron-deuteron scattering cross section. In the limiting case of zero energy of the neutrons, 
the t?eory gives the values a312 = 0.51 X 10"12 em, a 112 = 0.30 X 10"12cm for the scattering 
amplitudes, 

T'HE problem of the motion of two nucleons at 
low energy E has a solution in the form of a 

series in powers of the small parameters r 0 />.. and 
o.r 0 , where r 0 is the radius of action of the nuclear 

forces, >.. = fr / y ME is the wavelength, and 1/ o. is 
the radius of the bound state or scattering length. 

In the zeroth approximation, which corresponds 
tor 0 --> 0, the wave function of the two-nucleon 
system can be constructed beyond the range of 
action of the forces if we put upon it the boundary 
condition 

{: In (p'Y)} = - oc 
p P=O 

(l) 

and consider that the potential in the SchrOdinger 
equation has the form: 

u<ol (p) =- (4r.!i2jM) po (p), (2) 

i.e., that it vanishes everywhere for p =f. 0. In 
this approximation, which corresponds to the Bethe­
Peierls theory of the deuteron 1, the properties of 
the system do not depend upon the details of the • 
path of the actual potential functio!] U ( p) and are 
determined by the value of only a single parameter 
().. 

In the next approximation the wave function can 
be determined in an expansion in powers of r 0 

(outside the range of action of the forces) if the 
potential in the Schrodinger equation remains in the 
form (2) as before, but the boundary condition is 
made more precise: 

[ddpln(p'Y)]P=o= -oc+I/2(oc2+ 7\-2)ro (la) 

+ Tr~'l:..-4 • 0 + ... , 
where o., r 0 and T are parameters which character­
ize the actual potential U ( p ). 

A similar expansion in powers of r 0 can be 
carried out for the problem of the motion of three 
nucleons at small values of the energy E, when the 
characteristic dirr·ensions of the system, which are 

defined by the length it = fr /y ME, greatly exceed 

the radius of force action, r 0 • We consider below 
the zeroth approximation of this expansion, which 
corresponds tor 0 --> 0 (i.e., the Bethe-Peierls 
theory in the case of two nucleons), in application 
to the problem of the scattering of neutrons at low 
energy En < 20 mev by deuterons. 

The problem of the bound state of three nucleons 
(the nuclei H 3 and He 3 ) is not considered here, 
since, in the approximation r 0 --> 0, it has no solu­
tion; for r 0 --> 0, the binding energy becomes infin­
ite2. In this case, a more accurate analysis is re­
quired, with account being taken of terms of higher 
order in the expansion in r 0 • 

In the approximation r 0 --> 0 (where the effective 

depth U 0 "-' 1f 2/M r~ of the potential well is infin­
ite) the wave function 'I' ( r 1, r 2 , r 3 ) of the system 

of three nucleons satisfies the boundary condition 
(l), just as in the case of two nucleons, for 

P;k = I ri - rk I --> 0 ( i, k = l, 2, 3 ). Here the 

boundary condition can be constructed approxi­
mate! y (with accuracy up to terms of order r 0 / 7r: 
and o.r 0 ) outside the range of force action for a 
potential of the form (2) in the Schrodinger equation. 
As is shown below, the problem here reduces to the 
solution of an integral equation for a function 
which depends on the three variables, or, if we are 
dealing with a state of definite momentum on a 
single variable. ' 

For simplicity, the analysis is first carried out 
without consideration of the isotopic spin of the 
nucleons for the three particle system. 
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1. CASE OF THREE IDENTICAL PARTICLES. 
THE INTEGRAL EQUATION. 

We shall describe the position of the particles 
in the center-of-mass system: 

where, in analogy to p 23 , PI• we can also intro­
duce two pairs of vectors p 12 • p 3 and p 3 I' p 2 • the 
furnishing of which (along with the first pair) de­
termines the position of the particles. Between 
these three systems of vectors we have the fol­
lowing relations 

P2a =- 1/2 P12- Pa =- 1/2 P31 + P2, (3) 

Pt = 3/4fJ.t2- 1/2 Pa = - 3/4 P31- 1/2P2· 

The wave function of the system is symmetric 
relative to a permutation of particles; in particular, 

'P'(p2a,pl) = 'Y(pl2, Pa) = 'P'(Pla,P2); (3a) 

'P' ( P23• PI) = 'P' ( -p23. Pl) 

etc., and satisfies the Schrodinger equation 

{- (1i2 I M) (V~23+ 3/4 v~l)- £} 'P' (p23• PI) (4) 

=- { U (p2a) + U (PI2) + U (pal)} 'P' (P2a.P 1). 

For what follows, it is useful to transform thjs 
equation into integral form. For this purpose, we 
introduce the Green's function 

(5) 

where yk = y' 3k2/4- ME/n 2 if 3k 2 /4- ME/fr2 

> 0 and yk = -iy'ME/fr2- 3k2/4 in the opposite 
case*; it satisfies the condition 

( V2 -t- ~ \72 -t- ME\ G ( 
\ p,, 4 p, ----,;z-) E P23' p 1) 

= - 4\':o (p2a) o (pl)· 

In spite of the external asymmetry of the de­
scription, the function G E is symmetric relative to 

a permutation of coordinates r I, r 2 and r 3 ; actually, 
it is not difficult to prove that Eq. (5) for G E 

represents an expansion in the Fourier integral of 

* In order that GE have the form of a diverging wave 

at large p 23 . 

a function that is symmetric in the coordinates of 
the nucleons: 

2oo 

8 (ME\ ~ {. ME i } = _--;-;;=- ~ 1 exp = t'r:~ R,2-1- _ --d" 
3 y 3rc2 n J n 2 ' 4T • ' 

0 

where H(;) is an Hankel function and R2 = p; 3 

+ 4/3pi = 4/3(ri + r; + r~- ri · r2 - ri · r 3-r2 ·r3), 

and where it must be kept in mind that 

y'MEjfr2 = + iy'M( -E) /fr 2 , if E is negative (in 

order that G E decrease and not increase as R --> oo; 
this corresponds to the definition of yk given 
above). 

By means of the function GE, the Schrodinger 
equation (4) can be written in the form* 

Here we have introduced the notation u ( p) 

= -(M/4rrfr 2 )U(p) where, for r0 --> 0, u(p) 
--> 8p(p). 

Substituting the function (5) in (6), and trans­
forming to the Fourier representation of the wave 
function, 

we get [taking into account the symmetry of 'P rela­

tive to 'I' r 2 , r 3 and making use of Eq. (3)], after 

* It would be necessary to add the plane wave 

to the right-hand side of Eq. (6) ifwewere interested in 

the state 'P(p23 , pi)' which corresponds to the motion 
of all three nucleons to infinity with definite momenta 
(such a state can arise, for example, in the photoeffect 
on H3 or He3 ), In the problem of the scattering of a 
particle on the bound state of two others (or in the 
problem of the bound state of all three particles) the 
right side of (6) ought not to contain the term'¥ 0 . 
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some transformations*, 

F (p, k) (7) 

rexp {-yk lp-p' I} 
= ~ I P _ p' I u (p') F (p', k) dp' 

\ dk' + 87t.) (211')3 

cos (k' + k/2, p) ~cos (k + k' /2, p') u (p') F !p', k') dp' 

X k2 + k'2 + kk'- ME I 1i2 - iT 

or 

{Vp- 47tU (p) +ME k I n2} F (p, k) 

\ dk' = - 87t j (211')3 cos (k' + kl2, p) 

(8) 

X ~cos (k + k' /2, p') u (p') F (p', k') dp'. 

Here Ek == E- 3fr 2k2/4M; for brevity, the indi­
ces on p 23 are omitted everywhere; the quantity 

T>O, T ~ 0 furnishes the rule in (7) for detouring the 
poles; (8) is obtained from (7) by application of the 

operator V' ~ - y~ == V'~ +ME k/ fr 2. The form of 

Eqs. (7) and (8) of the Schrodinger equation is 
suitable for consideration of the case in which 
u ( p) is the short range potential. It follows from 
Eq. (7) that the function F ( p, k) is defined for ar­
bitrary p if its values are known in the region of 
action of the forces, p ::; r 0 • In this region, we can 
limit consideration, with accuracy up to terms of 
order ( r of ;t) 3 , to the spherically symmetric part 
ofF: 

* The first term in Eq. (7) follows trivially from the term 
in(6)which contains the factor u(p~3 ); the Fourier com­
ponent of the following term in ( 6 ), which contains 
u(pi2 ) is transformed, by means of (3) and (3a), into 

the form 

__ \ dkhexp(-i(k'+k/2,p2")) 

c- .. c J (211')3 {h 2 --j- k'2 +kk'-Ml:;' / Ji2- iT) 

X~exp[-i(k+ ~ k',p~2)]u lf-{2)F(pl2'k')dp~2· 
Along with the Fourier component ofthe third term in 
Eq. (6), this expression gives the second component in 
Eq. (7). 

F o (p, k) = ~ F (p, k) dQP 1 4rr 

[in order to establish this, we can substitute in 
Eq. (7) 

co 

F (pl. k) = ~ (21 + 1) F1 (p, k) P1 (pk I pk) 
l=O 

and estimate the contribution from terms with 
l=;kO]. 

But in the region p ::; r 0 , we can neglect the 
right-hand side of Eq. (8). Actually, substituting 
unity for the cosines in Eq. (8), we get for it the 
estimate 

~ ~ (2rrf3 dk ~ U (p') F 0 (p', k') dp' 

~ r0 ~ (27tf3dk' F0 (r0 , k') _. 

,....., fo2 (r0 j''Ff F 0 (r0 , k). 

[In obtaining this estimate, it has been taken into 
account that f u ( p ') d p' "-' r 0 and also that k and 
k' are everywhere of order cx.(or l/i't, if ;r-l > (), ); 
for large values of k, the function F 0 ( p, k) vani­
ishes or oscillates.] 

Comparing this estimate with any of the terms 
on the left-hand side of Eq. (8), 

V~F .-.- u (p) F ~ r02F (p >e r 0 ), 

(MEkln2) F ~ r02 (r0 1 1\? F, 

we note that the right-hand side of Eq. (8) differs 
by the factor ( r 0/lt) < l fron; the smallest term 

<ME;/ fr 2 ) F on the left-hand side. 
Thus, in the zeroth approximation, we do not 

have to take the right-hand side of Eq. (8) into 
consi<;feration. But this means that the function 
F 0( p, k ), which is regular for p == 0, satisfies the 
same equation 

[d2 I dp2 - 4rr tt (p) (9) 

+ MEk I n2 ] [pF0 (p, k)] = 0 

in the region p ;;;_ r 0 as the function of the system 

of two particles, i.e., for p == r 0 , it has the same 
value (l) of the logarithmic derivative as the wave 
function for the two-particle system. Physically, 
neglect of the right-hand side of Eq. (8) [i.e., use 
of Eq. (l)] corresponds to neglect of random pene­
trations of the third particle into the region of 
interaction of the other two. 

Therefore, in accord with Eq. (l), we have, in 
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the approximation r 0 -> 0, 

{_dd [pf0 (p,k)l} =-a[pf0 (p,k)]P=o· (10) 
P P=O 

In this approximation, we have, by Eqs. (2) and (7), 

F (p, k) = exp (~ 'YkP) X. (k) (11) 

\ dk' X (k') cos (k' + k/2, p) 
+ S·;c ~ (27tJa k2 + k'2 + kk'-(ME/li2)-i'' 

X (k) =lim {pf (p, k)} =lim {pf 0 (p, k)}. 
p---i> 0 p--!>0 

Substituting Eq. (11) in Eq. (10), we get an in­
tegral equation for X ( k ): 

(a- jh) X. (k) (12) 

\ dk' X (k') _ + 87! ~ (27t)a 1.2 + k'2 + kk'- tME j/i2)- i' - O. 

The solution of this equation determines the 
wave function of the system, in accord with Eq. 
(11). For states with a defi.nite quantity of 
momentum, Eq. (12) reduces to an equation for a 
function which depends on one independent variable, 
which can he solved numerically. 

The idea for this consideration of the three body 
problem was supplied by L. D. Landau. 

2. CASE OF THREE IDENTICAL PARTICLES. 
THE SCATTERING OF A PARTICLE BY THE BOUND 

STATE OF THE OTHER TWO. 

If ll. > 0, then there exists a hound state of two 
particles with binding energy f = 1f2 a.. 2/M. This 
state is described, beyond the region of action of 
the forces, by the wave function 

rro (p) = Jf aj27! exp ( -ap )/p. 

Let us consider the problem of the scattering of a 
third particle by such a system. 

Let 1r k0 he the momentum relative to the motion 
of the incident particle. Then 

E = h2k~/2tJ.- h2a2jM; !1. = %M, 

i.e., MEjh2 =- [a2 - 3k~/4]. 

The wave function of the system of three parti­
cles 'P , for large p 1 ( or p 2 or p 3 ), ought to undergo 

transition to the product of the function cp0 and the 
sum of a plane and a diverging wave. This re­
quirement will he satisfied if Eq. (11) has a solu­
tion of the form 

(13) 

where the amplitude of elastic scattering is 

k2-f.2 

a(&)=limk2--+k~ 47t 0 ~c,o;(p)F(p,k)dp; 

for such a choice, X ( k) is seen equal to 

a(&)= [a (k, k 0)lk=k,; 

f) is the angle between k and k 0 [the second term 
in Eq. (11) vanishes after multiplication by 

k 2 -k~. ifk 2 ->k~]. 
In a similar way, the inelastic scattering ampli­

tude is determined by the equation 

{k2- k2 ~ ) a (kf' f; k0d) = ~ c,o; (p) F (p, k) dp 
7t k--> kt 

Here, in the approximation r 0 -> 0, 

CD = eifp +a eifPjp 
d f ' a1 =-I /(a+ if) 

is the wave function of the final state of two parti­
cles with relative momentum f: 

s;4kJ + f2 = s;4 k~- a2; 

kt = Jf k~- 4/a (a2 + f2), 

k f is the rr.omentum of the particle after inelastic 
scattering. This amplitude can also be expressed 
by a ( k, k 0 ), with the aid of Eqs. (11) and (12): 

k ,/- {a (kf, ko) 
a ( f• f, k0 d) = v 8.;a (/ + irxj 2 

a (f - 1/ 2 k,, k0) a(- f- 1 / 2 k,,k 0 ) } 

+ 3/4 [(f- 1 /~ kt) 2 - k~] + 3/4 [(f + 1/ 2 k1);- A~] • 

Substituting (13) in (12), we get the inhomogene­

ous equation 
3/s a (k, k0) 

(14) 
a + V 01. 2 4 - 1vlc 1 li" 

-----~----------------
k2 + k~ + kk 0 - (MEJ ! 2)- iT 

+ 4,_ \' a (k', k 0 ) 

" J (k2 + k'2 + kk'- (ME I Ji2) -h) (k'2- "~-iT) 

dk' 
X~, 
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whose solution, in accord with Eqs. (13) and ( 11), 
determines (in zeroth approximation in r 0 ) the 
wave function of the system and all the scattering 
amplitudes. This equation has a much simpler 
form for k 0 -> 0, ME1fi 2 -> -a..2 , when the scattering 
is spherically symmetric. 

If we introduce the dimensionless quantity 

a (k, 0) =a (k, 0) = rx-1a (x), x = k j a., 

we get 

%a(xl 

co 

(15) 

2 ~ 1 l 1 + x2 + x'2 -1- xx' -- -- n I I I + 1t 2xx' 1 + x2 + x'2 _ xx' a (x) dx , 
0 

where the scattering amplifude of particles with 

zero energy is detern1ined by the value 7{ (0): 

The function ~ ( x) is plotted in Fig. l. This 
function was obtained by numerical integration of 
Eq. (15). According to Fig. 1, 

co_ 

a (0) = ( ~) [I + ! ~ a/~\~:']~ 2.5. 
0 

Fork 0 =I= 0, we can expand the function a ( k, k ) 
in a series of Legendre polynomials: 0 

co 

a(k, k0) = ~ (21 + l)a1 (k, k0)Pl(cos!i'J). (16) 
1=0 

The equations for a1 (k, k0 ) follow from (14), in 
analogy to Eq. (15). These can he solved numeri­
cally (this is done in the Appendix at the end of 
this paper). In contrast to Eq. (15), the kernel of 
these equations is complex*, so that the quanti­
ties a1 (k, k 0 ) are complex for k0 f=,O. 

It should he noted that Eq. (12) formally has the 
form of a three-dimensional Schrodinger equation. 
Actually, introducing the function 

* For k 0 =/= 0, the quantity 

k'o 
k'2 [k'2- k~- iT]-l-~ p " + i?:k' 2 '8 (k'2 -- k2) 

k'2- k~ 0 

in Eq. (14) is complex (for k 0 = 0, it reduces to unity). 

which, for p 1 -> oo has the form [in accord with 
Eq. (13) ]: 

(17) 

k'"" k 0p 1 I PI, i.e., it describes the elastic scatter­
ing of a particle on the hound state of the other 
two; we note that Eq. (12) is equivalent to the 
Schrodinger equation for tf; ( p 1 ) in the usual form: 

/1 

where J-1. = 2M I 3 is the reduced mass. Here V is 
the interaction operator (of one particle with the 
hound state of the two others), defined by the 
matrix elements 

(18) 

8rrh2 [(<X+ Yk) (<X+ yk,)J'I" 
- - ~ (K 2 I 4) + 6q 2 - 1_ME 1 JL2)- i-r = V (K, q), 

k = q + K/2, k' = q- K/2, VI]> (p1) 

= ~ V (p1 , P) ~ (p~) dp~. 

V(p1,p~) =~~exp{iK(p1 +p~)/2 

+ iq (P1 - p~)} V(K, q)(2rct6 dKdq. 

-"' 
The operator V is Hermitian only when the energy 

-h: 2k ~~ 2ft of the particle is less than the energy f 

binding the other two, i.e., under the condition 

in the converse case (when inelastic scattering is 
impossible) the potential (18) is complex*. 

* For its crude estimate, we set V ( K, q)"' V ( K, 0 ). 

This gives V{p1)"':_ V(p1)t(;{p1) where, for V(p1 \ we get the 

estimate V(p 1 ) "'-( 16€/ a..p 1 ) e- 2"'Pl for k0 = 0 and 

V(p 1)"' exp(ip 1 l ~)for 3k~/4 » o:. 2 . F'or k 0 = 0, the 

potential falls off with increase in p 1 as the density of 

the bound state \ Cfio \2. 
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FIG. 1. 

3. CONSIDERATION OF SPIN AND ISOTOPIC SPIN 

The previous analysis can be generalized to the 
case of the motion of three nucleons, in which 
spin and isotopic spin are taken into account. We 
assume that central forces (we do not consider 
non-pair forces, triple forces and also tensor forces) 
act between each pair of nucleons. The potential 
for such forces, 

(19) 

corresponds to the hypothesis of isotopic invariance 
of nuclear forces; here UI, U2 , U3 and U4 are 

certain functions of p which vanish for p > r 0 , and 
a and 7" are the operators of spin and isotopic spin, 
respectively. In this case, the total spinS, the 
isotopic spin 1', and their projections on the OZ 
ax is---S and T ---will be constants of the motion. 

z z 

Let ex.. = ex. ( t. ) and (3. = (3 ( t. ) be the spin 
t Z. L '£ 

wave functions of the i th nucleon ( f is the spin 
' variable) corresponding to the spin projections 

S = l/2 and S = -l/2. The wave functions of the 
z z 

system of three nucleons can be constructed from 
u.i and f3; by making use of the well-known values 

of the coefficients of the Clebsch-Gordan series; 
for S = l/2, we get two functions in the case z 
s = l/2: 

and one in the case S = 3/2: 

Of these, X 3 i"s symmetric relative to a perrnuta-

"' tion P ~~) of the spin variables of an arbitrary pair 

of nucleons: .P~~)x3 = x3' while XI and x2 trans­

form lineraly into each other upon permutations: 

X I is antisymrnetric and X 2 is symmetric relative 
I' 

to the permutation P <~i so that the permutation 
/\ 

P ~~> corresponds to the matrix M 2 3 = c- ~ ~) of a 

linear transformation of the functions X I and x 2 ; 

similarly, it is not difficult to prove that the 
matrices 

A, " correspond to the permutations P (a) and P (a) We 
I3 I2 . 

note.that the functions XI and x2 and x3 can be 
obtained as a result of application ofthe operators 

pa) = _1_ (PA (a)- fj(cr)) 
1 v 2 13 '12 , 

p~a) = _1_ (P(cr) I fJ<"l) vz- /)(a) V6 13 I 12 - 3 r 23 , 

and the symmetrization operator 

li( ) l A -" 1\ t' a = ---=:-(p(a) + p<al + p(a)) 
3 y3 I3 I2 23 

(20) 

to the function f3 I v.. 2 v. 3 , which is symmetric in the 
spins of the 2nd and 3rd nucleons. Similar func­
tions of isotopic spin for T z = l/2 (this value of 

Tz corresponds to a system of two neutrons and 
one proton) are denoted by !]I and (} 2 for T = l/2 
and iJ 3 for T = 3/2. 

The spin and isotopic spin wave functions <I> are ob­
tained by multiplication of the functions X and iJ; 
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we have, evidently, 

forT= 3/2, s = 3/2, the function <PC = x3 tJ3; 

forT= 3/2, S = l/2, two functions <P'~ = x 1 1J 3 
'V 

and <ll ~ = X 2 !?a ; 

for T = 1/2, S = 3/2, two functions <ll ~ = x3 1?1 

and <ll~ = x3 tJ2; 

forT= l/2, S = l/2, four functions x 1tJl' X2 !?2 , 

X2 tJl and Xr iJ2. 

In the latter case, instead of the four functions 
listed, it i~ appropriate to choose (as the basic 
system) linear combinations of them, which possess 
definite properties relative to permutations. Such 
combinations are 4 : 

[the factor l/ v2 is introduced for normalization: 
( w+, <ll) = 1]. As is not difficult to show, <ll a is 
antisymmetric relative to simultaneous permuta­
tion of the spin and isotopic spin of an arbitrary 
pair of nucleons, <ll c is completely symmetric, 
while the pair of functions <ll 1 and <ll 2 transform 
into each other in the same fashion as the func­
tions X 1 and X 2 (i.e., with the help of the matrices 
M23 , M13 and M12 ). Evidently, the pairs <ll{. <ll~ 

'V 'V f 
and <ll ~, <ll ~ possess this same property o trans-
formation. 

It should be noted that if 'I' 1 and 'I' 2 (functions 
of the coordinates of the nucleons), which trans-

. "(r) f h form into one another upon a permutatiOn P .k o t e 
coordinates ri and rk (i, k = 1, 2, 3; i =f. k ~Jin the 
same way as X 1 and X 2 transform under a permuta­
tion of the corresponding spins, then we can con­
struct (in analogy to <ll a' constructed from X and 
tJ ) the function 

which will be antisymmetric relative to the permu-
..._ A A 

tation P~~) p<~l P~i of all coordinates of any pair 

of nucleons. Taking this into account, we write 
the antisymmetric function of a system of three 
nucleons in the forrr,: 

T = 3/2• 

T- 3/2• 
T = 1/2• 
T = 1/2, 

S - s;. - 2• 

S -lj. - 2" 

S - s;. 
- 2• 

S -lj. - 2• 

'JI',j, '/2 = '¥.1cl>C, (21) 

'¥.,,,,,, = ':Y~cl>~- o/;ii~. 
, , r' , 

'JI',,,, .,, = 'Yl <ll2 - 'I 2 <Ill 

V2'¥1/ 2, '/2 = ':P'a<I>c- 'Yc<!Ja 

All the functions '~'r,s will he antisymmetric 

relative to a permutation Pf~l P ~:) P~i of all co­

ordinates of any pair of nucleons if, upon permuta-
• /1 (r) f d" f hon P ik o the coor mates ri' rk, the unctions 

lP and 'I' will be antisymmetric, 'I' will be sym-a a c 

metric and the pairs 'I\ and '1' 2 ; 'I'{ and 'P~; W{ and 

w~ will transform linearly one into the other, just 

as X 1 and x2 transform upon the corresponding 

permutation of spins (the factor v2 for 'l'y, y, is 
2 , 2 

written for normalization purposes). 

The isotopic spin of the deuteron is equal to 
zero, and that of the neutron is one-half. Therefore 
keeping in mind the problem of deuteron-neutron ' 
scattering, it suffices to limit ourselves to a con­
sideration of the latter two of the states described 
above, i.e., the states with T = 1/2. We find the 
coordinate part of 'I' c, 'I' a' 'I' 1 , 'I' 2 and 'I' {, 'I'~ cor-

responding to the wave functions. 

The wave function is a solution of the Schrodinger 
equation which can be written in the form (6) if 
by U ( p) is understood the potential (19). 

In the approximation r 0 -> 0, in the first term on 
the right-hand side of (6), 

~ (G E (p2s- P;s; P1- P~) 
{-MU (p;3)} 

X 4;c1i.2 . o/ (P;a' P~) dp~3 dp~ , 
only the region p; 3 :5_ r 0 -> 0 will be essential for 
the integration; therefore, the dependence of this 
term on the coordinatesp 23 andp 1 is determined 
by the relation 

where 

f (p) = lim {P2a'Y (P2s• p)} 
P,~-o 

is some unknown function. Similarly, the depend­
ence of the coordinates of the following two terms 
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in (6) is determined by the functions 

In other words, according to Eq. (6), the coordinate 
part of the wave function is represented by some 
linear combination of terms of the form f 2 3' f 13 and 
f 12 . In principle, we could, by substituting the 
potential (19) in Eq. (6) and multiplying succes­
sively both parts of (6) by different functions '¥ of 
the spin and the isotopic spin, obtain inte~al equa­
tions for the coordinate parts of'¥ only, wh1ch would 
also define the form of the linear combination 
described above. However, this could also be 
done, not by writing out the equation for the co­
ordinate part, but by making use only of the sym­
metry properties of the function '¥. Since the func­
tion'¥, being symmetric relative to r 1 , r 2 and r 3, 

ought to be equal to the sum [23 + [12 + r.13 of the 
functions f. which are detern,ined by a smgle 

tk . 
function f(p ), since only this ~;urn remams un-

. P (r) f h d' changed upon the permutation ik o t e coor m-

ates of an arbitrary pair of nucleons: 

(23) 

The antisymmetric '¥a in the coordinates of the 
nucleons is a function identically equal to zero, 
since in accord with (5) a function of the type (22) 

' is symmetric inr 2 andr3: f(p 23 ,p 1) = f(-p 23 , p 1) and as a 

result of its antisymmetrization in r 2 and r 3 , we 
obtain zero. With the help of integral equations for 
the coordinate parts of '¥ of the wave function we 
can show that this result is valid with accuracy up 
to terms of order ( r o1 A) 3 in comparison w1th 

unity. 
The functions '¥ 1 and '¥ 2 , which transforn1 upon 

permutation like X 1 and X 2 , are represented in the 
form of a linear combination of functions of the 

type (22), cp2 3 ' cp 13 and cp12 [i.e.' cp23 

= (G E (p 23 , p 1 -p) cp(p) d p, where cp( p ) is an unknown 

" ( /1 function]. Introducing the operators P {) and P ~) 
which are analogous to (20) but which permute the 
coordinates of the nucleons, we evidently get 

-- "'(r) -- (l(r) · 
'¥ 1 =y3/2P 1 cp23 ; '¥ 2 =y3/2P 2 cp23 [just the 

sarr:e as X 1 and x2 could he obtained as a result of 

" "' the action ofP(f) andP(~) on the function 

(3 1 v..2 1).3 , which is symmetric in the spins of nucle­

ons 2 and 3; the factory 3/2 was chosen for 

normalizing the functions cp( p)]. Thus, 

(24) 

In similar fashion, '¥ i and '¥' are expressed by 
the functions cp;k' where 

r.p~3 = ~ GE (P23• Pl- p) r.p' (p) dp; 

cp'( p) is a third unknown function. 

Just as in the case of three identical particles, 
it is appropriate to consider the Fourier component 

F (?23• k) = ~ e-ikP,o/ (P23• P1)dp1 

of the wave functions in the coordinate p 1 of any 
one of the three nucleons (in view of the symmetry, 
all are equally suitable); by Eqs. (22), (23) and 
(24), and using the value (5) of the Green's func­
tion G E, we get [just as was done above for the 
Fourier components F obtained fromthe values of 
('7), (8)]: 

Fa=O, (25) 

V- \ ~ (k') sin (k' + k/2, p23) dk' 
F 1 = 47:i 3 J k2 + k'2 + kk'- (MEfh2)- i-r (L.7t)3 ' 

~ ~ (k') C'OS (k' + k/2, P2~) dk' 
F 2 = 4>= k2 + k'2 ' kk' (ME! 2) ·- --;:--)3 -r- - h - t. 1L7t 

-Y!cP23 
e t (k' ---c; ), 

fl23 

and F' and F' (the Fourier components of '¥ i and 
'¥;) hlve valJes similar to F 1 and F 2 upon re-

placement of ?;( k) by ?;'( k ); here X ( k ), ~( k) and 
?;'( k) are functions analogous to X ( k) in the case 
of identical particles; these are Fourier compon­
ents, correspondingly, of f(p), cp(p) and cp'(p). 

Substituting the value of the function F T, 5 in Eq. 

(21), we write down the Fourier component of the 
wave function F 5 of a system ofthree nucleons 

T, 
for the case T = l/2. ForS = l/2; 

(26) 
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for S = 3/2: 

(26 ') 

We can find the functions X ( k ), ~( k) and ~'(k) 
by imposing on the wave function the boundary con­
dition similar to (l) or, more precisely, (1a). ln order 
to obtain this, we note that, similar to the way in 
which Eq. (9) follows from the integral equation (6), 
there follow fr~ (6), upon substitution of a po­
tential in the form (19), equations for the coeffi­
<zients 

for the case of x2 tJ1 and x1 tJ 2 in Eq. (26): 

(27) 

+ (MEk/h 2 )] {pFt(p, k)}:::::::; 0, 

[(d2/dp2)- (Mjh2 ) Us (p) 

+ (MEI<jh 2)]{pFs (p, k)} = 0. 

Here Ut and Us are potentials acting between the 
neutron and the proton in the triplet and singlet 
states: 

Equations (27) are approximate, valid with accur­
acy up to terms of order ( r 0/ it) 3 in the region of 
force action [since, on the right-hand side, there 
are actually small terms in the exact equations 
similar to the term on the right side of Eq. (8) ]. 
We can also obtain an equation for the function F' 

2 
in the coefficient for x3 1:? 1 in Eq. (26 '). This 
equation is identical with the first of .l:<.:q. (27). The 
validity of Eq. (27), analogous to Eq. (9), is 
almost self-evident; its precise demonstration is 
connected with several rough calculations and is 
not carried out here. 

It follov.s from Eq. (27) that the functions F 
t 

and F s satisfy boundary conditions of the type (10) 
at the point p = r 0 --> 0: 

(28) 

where o.t and o. s are reciprocals of the scattering 
length (in the approximation r 0 --> 0, the difference 
between the scattering length and the radius of the 
bound state disappears), and are constants which 
characterize the potentials U and U . The func-

s t 
tion F; = -F ~ satisfies the boundary condition 
identical to the condition (28) for Ft. 

Substituting (25) in (28), we get, for S = l/2: 

( v-~~~- ~~- CXt) (X (k) + ~ (k)} (29) 

\ 41t {2:x: (k')- c; (k')} dk' 
= j ka + k'2 + kk'- (MEfh2)- i-r (21t) 3 ' 

(• /:W ME ) ,_ · V 4 -- t;!- cxs {X (k)- o; (k)} 

\ 47t {2:x: (k') + c; (k')} dk' 
= .) k 2 + k' 2 + kk'- (MEfh2)- iT (27t)a ' 

and for S = 3/2, 

(-v3k2 ME \ ~' (k) ---- CXtJ ~ 4 h~ I 

(' 47tl;' (k') dk' 
+ J k2 + k' 2 + kk' - (MEJh2)- iT (21t)a = 0. 

The solutions of these equations determine the 
wave function of the system in accord with Eqs. 
(25) and (26). In the case S = 1/2, the equations 
can he written in a more appropriate form if we 
denote: 

x, (k) = 1/2 {x (k) + ~ (k)}, 

Xs (k) = 1/2 {X (k)- ~ (k)}; 
then we obtain 

( / 3k2 ME 1 
J 4 - tl - ex,) Xt (k) 

= \ 47t {l/2:x:1 (k') + 3fa:X:s (k')} 

.) k2 + k'2 + kk'- (MEfh2)- iT 

( .. /3k2 ME ) V ·4- h 2 - CXs Xs (k) 

dk' . 
(21t)3 ' 

(30) 

= \ 47t CI2Xt (k') + 1/2:X:s (k')} dk' 
.) k2 + k'2 + kk'- (MEfh2)- iT (27t) 3 ' 
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Here, we have everywhere 

if 

Let us consider the problem of the scattering of 
neutrons by deuterons. For large p 1 the wave 
function of the system must contain the incident 
wave (which is proportional to x2 tJ 1 if S = l/2, 
and to X tJ1 if S = 3/2) and various diverging 
waves. fn accord with (25) and (26), this will 
occur if (29) and (30) have solutions ofthe form 

(the function X s ( k) actually ( as is evident from 
Eq. (30), where ME/fr 2 = 3k~ /4- u,;), has no pole 
fork= k 0 , i.e.,lby,(k,k0 )lk=k = 0 is described in 

0 

the form written above for one-dimensional nota­
tion]. Here the amplitudes of elastic scattering of 
neutrons are: 

fai.(&) 

= !~T. { k2
: k~ (x;&~ ~ cp~ CP2a) £,,,, .,, CP2a• k) dP2a)}, 

f'l• (&) 

where cp0 (p 23 ) = y u,t /277e-""tP23/ p 23 is the 

wave function of the deuteron, and, by Eqs. (25), 
(26) and (31), are equal to 

Substituting (31) in (29), (30), we get inhomo­
geneous equations which permit us to find the 
wave functions of the complicated spectrum: 

( (V 3k 2 j4- (MEj1i 2 ) -1X1 ) k 1j2 

k2-k~ a,,,(k, o)= k~+k2 +kk0 -(MEj1i2)-iT 
\ lm{1 / 2a,1, (k', k0) + %b,1, (k', k0)} dk' 

+ ~ (k2 + k' 2 + kk'- (MEj1i2)- h) (k'2 - k~- h) (27t)3 ' 

s = 1/ 1 
2 (V3iz2;4- (MEj1i2)- IXS) 3 /2 

----:------::--- b,, (k k ) = -----'-"----
k2- k~ 2 ' 0 k~ + k2 + kk0 - (MEj1i2 )- i-. 

\' 47t{3f2a'i• (k'' ko) + lf2b'/z (k'' ko)} dk' 

l + J(k2 +k'2 +kk'-(ME(Ii2)-i-r)(k'2-k0 -i-r) (27t)". 

a.1• (x) = oc1a.1, (k, 0), 
Fork -> 0, similar to the case of three identical 

0 'Q,1, (x) = oc1a,1, (k, 0), particles, we can introduce the dimensionless 
quantities 

b'l' (x) = oc,b,,, (k, 0); x = kjoc1, 
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for which it follows that 

S __ 3 / .V __ 3_x-'-2/_4_,+:-----1 __ ·1 ~ 1 1 en~ ~ 1 + 2 + '2 + ' dx' a.1 (x) =---::=-- _ _ a., (x) In x x xx 
a· X 2 2 x2 + 1 1t 2 1 + x2 + x'2- xx' xx' ' 

0 

co 

+ -~ \ {1/ (;,1 (x') + a;~ (x')} In 1 + x2 + x'2 + xx' dx'. 
7t j 2 • . 2 Ia 1 + xz + x'2- xx' xx' ' 

0 

Ill: 

lf3x2;4 + 1--8 

Ol:t ~ 3/2 
----x:;-2 __ ..:_ b,J. (x) = xz + 1 + 

en 

+ ._!__ \ {3/ a; (x') + 1/ ~ (x')} In 1 + x2 + x'2 + xx' dx' 
,. J 2 Ia 2 I• 1 + xz + x' 2 - xx' xx' · 

0 

These equations are integrated numerically .. The 
functions a 312 (k, 0), a 112 (k, 0) and b 112(k, 0) 

are plotted in Fig. 2; the scattering amplitudes 
a 31 2 ( 0, 0) and a 1 1 2( 0, 0) of neutrons with k0 == 0 

by deuterons are seen to he equal to 

a.,. (0. 0) = 0.51-1 o-12 em; 

a.,. (0. 0) = 0.30. 1 o-12 em. 

Here, for ex. and cx. , we have taken the following 
t s 13 13 

values:l/cx. ==4.32x10- cm;1/cx. ==-25x10-t s 
em. The results of the calculation depend weakly 
on the value of ex. s' since this quantity enters in 

the form of a small parameter- ex. 8 /U.t == 0.173 < 1 

in the sum, withy 3x2 /4 + 1 ~ l. 
For k 0 =I= 0, the functions a 312 , a 112 , 6 112 can 

he expanded in a series of Legendre polynomials: 

(34) 

= ] (2/ + 1) {C~1)(k) + iC)2) (k)} P 1 (cos&); 
1=0 

= ~ (2/ + 1) {Al1) (k) +iA)2) (k)} P1 (cos&); 
z,..o 

= ~ (2/ + 1) {B)I) (k) + iB~2) (k)} Pz (cos&). 
1=0 

The equations which determine the functions 

C(l) C(2)· A(l) A( 2 ) · B(l) s< 2 > are developed 
l ' l ' l ' l ' l ' l 

in the Appendix. 
For the case k 0 -> 0 , the zeroth approximation in 

r 0 of the theory corresponds to neglect of terms 

of the order cx.tro "-' (1. 7/4.34) "-' 0.4, in comparison 
with unity; therefore, the theoretical values of 

a 312 and cx. 11 2 are valid with accuracy up to terms 

of the order 

em. 

In agreement with the experimental data of 
Hurst and Alcock5 ' a3/ 2 == ( 0.64 + 0.01) X w- 12 

em; a 112 == ( 0.07 ± 0.03) X 10- 12 em; thus, for 

spin 3j2, the correspondence with experiment is" 
excellent; hut the small amplitud~ of u.1 12 as de­
termined by the zeroth approximation of the theory 
is imprecise. Consequently, the first approxima­

tion of the theory in an expansion in r 0 will he 
considered later. 

The authors express their gratitude to Acad. L.D. 
Landau, 0. B. Firsov and I. M. Shmushkevich for 
discussions of the work. 

APPENDIX 

INTEGRAL EQUATIONS FOR THE CASE k 0 =/= 0 

Below we obtain equations which determine the 
wave function of the three-particle system with 

k 0 =/= 0 and with arbitrary momentum. 
First, let us consider the case of three identical 

par tides. !\laking use of the expansion (16) and 
representing the kernel of the integral equation (14) 
in the form 
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Ik2 + k'2 + kk'- (MEjli2 ) -i'tp 
(a) 

= [kk' (Q +cos 1- i't)rl = 
00 0 1 (k, k') 

= ~ (2l + 1) Pz (cos j) Zkk' , 
1-o 

1 
, ~ P 1 (x) dx 

Gz (k, k) = Q + . X-tT 
-1 

( T ... 0 ), where we have introduced the notation 

Q ( k, k ') = ( k 2 + k ' 2 - ME I tr 2) I kk ~ X = cos y 
= kk 'I kk ', we obtain, after multiplication of (14) 
by P l (cos tJ) and integration over the directions of 

the vector k: 

OG + V3k2f4- (MEj1i)2 
(h) 

00 

2 0 1 (k, k') a (k' k ) +-;;; r --:-----=--- z , 0 k'2dk' 
" ~ k'2 - k2 - iT 2kk' • 

0 0 

Taking it into account that 

Q+~-i-t = p (.J ~X+ iTC8(Q +X) 

( P denotes the "principal part"), we obtain 

-12 
l/J CM 

flJ 
fl'l 

flJ 

qz 
fl! 

Gz (k, k') = G~1> (k, k') + iTCB (Q) P1 (- Q), 

where Gil) is substantially: 

1 

G~I) (k, k') = I P Pz (x) dx 
J Q+x 

-I 

{ In j g + ~ I , l = 0; 

- { 2- Q In j 0 + ! I , l = 1; 

(c) 

l (3Q 2 - 1) In I 0 + ~ / + 6Q, l = 2, etc. 

and by e is meant the equation e ( Q) = l, for 
I Q I < 1 and e < Q) = o, if 1 (> 1 > 1. 

The kernel of the integral equation (h) is com­
plex not only because, in view of (c),Q1 ( k, k ') has 

an imaginary part (it differs from zero if 3 k 2 14 
> u. 2 ; otherwise, Q > l ), hut also because of the 
fact that the factor 

k'2 - k'2 . '2~ '2 2 
k'2 k 2 . -Pk~+tTCk o(k -k0 ) 

- 0 -zT - k0 

is complex. Therefore, the functions a1(k, k 0 ) are 
complex [except for the case k 0 ... 0, where they 

!J r-~~--~--~~=-----~---L--~~~~-

-q, 
-qz 

FIG. 2. 

ar~real,hyEq. (15)]. Writinga1(k, k 0 )=f;./k) 
+ lTfz (k), we get the following equations for~ and 
Tfz from {h) and {c): 1 

(Rh-01:) ~~ (k)+J k Yjz (k) 

2 (k2- k~) 

= _1_ o<l) (k k ) + ~ r a)!> (k, k') k'2~l (k') dk' 
2kk0 1 ' 0 n- ~ 2kk' (k'2 _ k2) 

0 0 

1 GCll k - 2k l (k, o) 'l)z (k0 ) 

all the integrals are taken in the sense of the 
principal value (the integral with the limits from 

I ] k - k/21 to ] k + kl2 arises from the imagin­
ary part of (c): I Q I < 1 only if k' changes in these 
limits). 

We treat the case of three nucleons in a similar 
fashion. Taking into account the expansion of Eq. 

(34) and denoting C1 = C\1 ) + iC\2 ), A1 =A ~l) 

+ iA ~2 ), 8 1 = B~l) + iB~2 >, we get a system of two 

coupled equations for S = 312: 
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G~1) (k, k0) 

2kku 

(Rk- oct) C~1> (k) + 1 kC~2>(k) 
k2-.r.;~ 

_!_ C G~1) (k, k') k'2C~1) (k') dk' + G~1) (k. ko) C~2) (ko) 
'TC) kk' k'2- k2 2k 

0 0 

Jk+k!2 
\ C~2l (k') Pz (-Q) .!!:__ dk'. 

+ ~ k'2-k2 k ' 
JlR,-kl21 ° 

"" 
~ 
0 

a<1l (k k') k'sc<2> (k') 
l • l dk' 

kk' k'2- k~ 

11k+k!2l (1) 

- G~1l (k,ku) C(1) (k)- J. \ Cl (k') Pz (-Q) .!!:__ dk', 
'2k l 0 'TC ~ k'2 - k2 k 

ilk-kl21 ° 
and for S = l/2, a system of four coupled equations: 

G~1l (k, ku) 
-

k2 -k~ 4kku 

+ __!__ f G~1l(k, k') k'2 {l/2Ai1l (k') + 3/28~1) {k')} , G~1l (k, k0) 121 
'TC ~ kk'(k'2-k~) dk- 4k Az (ko) 

Pz (-Q) P/2A~2l (k') + 3/28~2> (k')} 

k'2 - k~ 

Q(1)(k k ) Jk+k/2 

+ I 4k' o A ill (ko) + ~ 
ilk-kl2! 

(Rk-rt.8)B~1 > (k) + 1 11B~2> (k) 

.!::__ dk'. k • 

~dk'· k ,. 

-r Q~l) (k,k') k'2{3/2Ap> (k') + 1/28~1 ) (k')} dk'- 3G~1,(k, ko) A (2) k 
+ 'TC ~ kk' (k'2-k2) 4k 1 ( o) 

0 0 

Jk+k!2 

~ P 1(-Q) {3/2A~2l (k') + lf28~2l (k')} k' _:... __ ___;_ __ ::----=---- - dk' . 
k'2- k2 k ' 

llk-kl21 0 

(Rk- oc8) 8i2> (k)- JkB~1l (k) = _!_ f Gi1> (k, k') k' 2 { 3/2A~2l (k') + 1/2B~2l (k ')} dk' 
k2-k~ 'TC ~ kk' (k'2-k~) 

Jk+k!2 + 3Q~ll (k, ko) A (1l (k ) + \ PI (-Q) {a/2A~ll {k') + lf28~1l (k')} kk' dk'. 
4k I 0 ~ k'2 - k2 

ilk-kl21 0 
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Measurement of the Ionizing Power of Particles 
in a Bubble Chamber 

G. A. BLINOV, lu. S. KRESTNIKov AND M. F. LoMANov 
(Submitted to JETP editor June 6,1956) 

(J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 762-770(November,l956) 

The possibility of the measureme ntof the ionizing power of particles in a propane 
bubble chamber is demonstrated. The chamber was operating in conjunction with an 
accelerator. The use of the method of the reduction of pressure to a controllable 
constant level ensured the stability of chamber operation necessary for ionization mea­
surements. The period of sensitivity was 40 m sec. Measurements of the ionizing power 
of particles were carried out in the range up to eighty times minimum ionization. It was 
found that the track density changes with the velocity of the particle as 1/(3 2 for {3 < 0.6. 
For velocities clpse to that of light, relativistic increase in the track density is ob­
served. The used methods on the track evaluation are described. 

1. INTRODUCTION 

JT was shown by Glaser 1 in 1953 that ionizing 
particles cause an overheated liquid to boil, 

leaving tracks in the form of vapor bubble chains. 
It is possible to describe the expected dependence 
of the number of bubbles along the track on the 
charge and the velocity of the particle not entering 
into the detailed formation mechanism of the nuclei 
of vaporization under the influence of ionization. 
It is well known that an overheated liquid starts 
boiling on the vaporization nuclei, the mdius of 
which is greater than a critical value r cr • 

(1) 

where a is the surface tension coefficient oft he 
liquid-vapor boundary, Poois the pressure of the 
saturated vapor and P 0 is the hydrostatic pressure 
of the liquid. The energy losses of a particle 
due to the ionization of the medium can entail 
conditions favoring the formation of vaporization 
nuclei. Jubble chambers usually operate at values 
of a in the range from 1-10 dyne/ em and of 
(Poo-P 0 ) in the range from 5 to 20 atm, which 
correspond to r cr = 10-5 -106 em. 

It is evident that the nuclei of vaporization are 
formed in the region where the ionization density, 
over distances of the order of r cr is considerably 
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larger than the average ionization density along 
the particle trajectory. This condition is fulfilled 
by the end points of the tracks of the 8-electrons 
produced by the particles. Indeed, electrons of 
about 200 ev lose all their energy on a path 
shorter than 10-5 em in a liquid, producing some 
20 ion pairs*, while for the case of a relativistic 
particle, the number of ion pairs along the 
trajectory is not greater than 0.5 per 10-5 em, and 
the probability of many acts of primary ionization 
over such a length is vanishingly small. It can 
be therefore assumed that the number of bubbles 
along the path of the particle is proportional to the 
number of 8-electrons of energy greaterthan 100-
200 ev. Neglecting the binding energy of electrons 
in the atom, we shall obtain the following expres­
sion for the number of bubbles per unit length 
of track (track density): 

(2) 

where g is the track density, Z is the charge of 
the particle, f3 is the particle velocity in terms of 
the velocity of light, and g 0 is a coefficient de­
pending on the stopping power of the medium, on 

the temperature and on the "overheating" Poo- p . 
0 

~The given valnes of range and of the numher of ion 
pa1rs are calculated for the case of liquid propane from 
data concerning the air. 2 


