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A phase analysis is made of the data obtained on scattering by hydrogen of 11 +-mesons of 
different energies up to 307 mev. The analysis was carried out, using a high-speed electronic 
computer, on the assumption that the scattering process can be sufficiently accurately 
described by S- and P-waves [ (S-P )-analysis], as well as on the assumption that the scatter­
ing process must be described by five parameters [(S-P-D )-analysis]. The energy dependence 
of the various phase shifts obtained for the ( S-P )- and ( S-P-D )-analyses are shown in the 
Figures. It follows from the measurements that the radius of meson-nucleon interaction is 
about 7 X 10·14 em. 

A S is known, Fermi and others 1 analyzed the ag­
gregation of data on scattering of 11 +-mesons up 

to 200 mev on the assumption that only S- and P­
waves are involved in the scattering and therefore 
the scattering processi}S are described by six phase 
shifts. In the case of positive pions and in the ab­
sence of D-waves the scattering is described by 
only three phase shifts 01. 3 , 01. 3 1 and 01. 3 3 which 

determine the corresponding interaction in the S- , 
P y.· andP312-states with isotopic spin 3/2. 

In the present work, which is a continuation of 
the work described in Ref. 2, the data on scatter­
ing of positive pions are analyzed on the assumption 
that the contribution of D-states to the scattering 

process is neglibly small, i.e., the interaction 
takes place only in lhe S- and P-states [ ( S-P }­
analysis] as well as on the assumption that the 
contribution of the D-states cannot be neglected 
[ ( S-P-D )-analysis] .The latter assumption is quite 
reasonable for such high energies as 300 mev. Be­
sides, the data of Ref. 2 presented in Table 10 
confirm this assumption to a certain extent. 

In the case when S-, P- and D-waves contribute 
to the scattering of 11 +-mesons, beside the above­
mentioned three phase shifts 01. 3 , 01. 3 1 and 01. 3 3 , 

the phase shifts corresponding to the D-states with 
total angular momenta 3/2 and 5/2 are different 
from zero and will be subsequently designated by 
8 33 and 8 35 • 
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l. ( S-P )-ANALYSIS 

A. Phase Shifts 

In the case when the interaction between the 
pions and hydrogen takes place only in the S- and 
P-states, the analysis of scattering is sufficiently 
simple, and the phase shifts can be determined, in 
the first approximation, by the graphical method 3 • 

Expressions for the coefficients of angular dis­
tribution in terrr;s of the scattering phases have, 
as known, the following form 

B = 2sin IX3 [2sin 1X33 cps (9'33 - 1X3) ( 2) 

Results of graphical analysis are given in Table 
I. In the same Table are given the "optimized" 
phase shifts4 obtainedwith a high-speed electronic 
computer. In the latter case total cross sections 
were also used in this analysis as independent 
measurements. 

In Table IJM denotes the quantity 

~ r f; (txa, CX31, CX33)- <1; }2 

i l l!..cr i 

Only the "resonant" solution was examined, 
i.e., the Fermi type solution, in which u. 33 passes 
through 90° in the energy region 170 to 200 mev. 
The basis for this procedure was discussed in the 
paper by Anderson et al. 5 • Data for 307 mev 
agree well wjth the results of Ref. 6. 

TABLE I. 

Phases of rr+·meson scattering by protons (in degrees) 

Graphical Method High-Speed Electronic Computer 

Meson 

I Energy, 
"'• "'• "'" "'" mev 

I 

176 -11 -16 67 -10.6 
200 -9 4 96 - 9.1 
240 -14 -8 113 -18.1 
270 -21 -6 128 -20.2 
307 -24 -8 134 -23.2 

B. Behavior of S-Phase a. 3 on the Assumption that 
Scattering is Determined only by Three Phase 

Shifts 

It should be emphasized that in the "resonance" 
region the values of all three phases cannot be de­
termined with good accuracy. As seen from Eqs. 
(1)-(3), in the region where the phase u. 3 3 ap­
proaches 90°, it is very sensitive to small changes 
in the coefficients A, B and C. The difficulty in 
determining the S-phase u. is due to the fact that 

3 
the interference coefficient B, which primarily de-
termines this phase, is close to zero and is not 
accurately known in the "resonance" region. 

region. At energies which considerably exceed 
the "resonance" value there is a possibility of 
determining u. 3 3 as well as u. 3 with comparatively 

Number of 

"'" "'" i\1 independent 
measurements 

-19.5 69.0 3.1 10 
10.0 102.0 7.0 7 

-2.6 114.7 4.2 8 
- 6.7 129.3 5.8 7 
-8.4 133.2 12.0 9 

high accuracy; therefore, the large values of u. 3 

phase for 240, 270 and 307 mev deserve special 
study. The magnitudes of this phase shift ex­
ceed considerably those which could be expected.. 
if the linear dependence of the u. phase on the 

3 7 
meson momentum as proposed by Orear , and 
which well describes experimental data for small 
energies, were applicable up to the energies under 
consideration. As known, Orear proposed the fol­
lowing phase equations: 

(4) 

('YNw) ctgoc33 = 8.05- 3.8w; (5) 

(6) 
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where "' denotes the meson momentum in the 
center-of-mass system, in units flC and w---the 
total energy, exclusive of the proton rest energy. 
It is true that not all the values of the "optimized" 
phase shifts satisfy Eqs. (4)-(6), but this can pos­
sibly be connected with the inaccuracies in the 
determination of "optimized" phases, especially 

. " " I phase v. at energies near resonance . n par-
ticular brear showed that all known differential 

' cross sections up to 220 mev are not contrary to 
these equations. . . . 

In view of the considerable theoretical mterest 
in the behavior of the 5-phase, it is desirable to 
investigate the reasons for the observed deviation, 
at energies 240, 270 and 307 mev, of u. 3 from the 
linear relationship observed in investigations of a 

whole series of processes in the region of small 

meson energies. It is reasonable to ask the ques­
tion, whether or not this deviation can be explained 
only by the inaccuracies in the obtained values of 
phase shifts v. 3 . To answer this question, the 
n.agnitudes of the differential cross sections (ex­

perimental values) given in Tables 2-6 (Ref. 2) 
were compared with the cross sections computed 
on the basis of Eqs. (4)-(6). Results of the com­
parison are presented in Table II. 

TABLE II. 

Meson Number of 

Energy, experimental M(4)-(6) 
mev points 

176 9 4.6 
200 7 8.5 
240 7 31 
270 6 260 
307 8 240 

In the last column are given the values: 

1\1 = ~{/(as, ass. ei)- cr (6J }2 
(4)-(S) fJ Llcr (6i) • 

which give the degree of deviation of the curve 
f ( v. 3 , v. 33 , ei ), computed according to.Eqs. (4)-

(6), fromthe experimentally measured values of dif­
ferential cross sections u( e.). It can be seen 

' from the Table that at energies 176 and 200 mev 
the experimental data do not contradict Eqs. (4) 

and (6), which is also confirmed by analyzing other 
data in this energy range, obtained by Orear. At 
higher energies, however, it is completely impos.si­
ble to reconcile the experi\nental results with the 

values of phase shifts predicted by Eqs. (4) and (6). 

If it is assumed that up to energies of the order 
of 300 mev scattering is sufficiently \\oell described 
by 5- and P-waves only; it must then be definitely 
concluded from the above that the linear depend­
ence of the phase v. 3 on the meson momentum 
does not hold for energies higher than 200-240 mev. 
On the other hand, in view of the attractiveness of 
such a simple dependence, it is necessary to in­
vestigate carefully whether the linear dependence 
of the 5-phase on the meson momentum is preserved 
with the introduction of higher angular moments 
( l = 2 ), especially since uur experimental data for 
307 mev mesons point to the difficulty of approxi­
mating the observed angular distribution by a func­

tion of the type a + b cos e + c cos 2 e (see Table 
7 of Ref. 2). 

2. (5-P-D>-ANALYSIS 

In the case when 5-, P- and D-waves contribute 
to the scattering, the angular distribution can be 
represented in the form 

7..-2 ;~-= Jl +Ja cos e 
+ C cos2 fJ +~ cos3 fJ. +0' cos4 e. 

The phase shifts and the above-indicated coeffi­
cients of angular distribution are connected by the 
relationships: 

.A=\SJ2 +\P+-P_l2 +13I2D++D-I2 (7) 

- 2/ ( s I 3 I 2 D + + D-) ; 

:J3 =21 (SI2P++PJ (8) 

- 2 I ( 3 I 2D + + D- 12P + + p-) 
+ 61 (P +-P_ID+-D_); 

C = J2P + + P _\2 -! P +- P _\ 2 (9) 

+ 9\ D+- D_\ 2 - 6\ 3I;D+ + D_[2 

+61 (SI 3/ 2D++D_); 

(lO) 

-61 (P+- P_l D+- D_); 
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(ll) 

Here we use the symbols: 

S = ei~ •• sin oc3 ; 

P _ = ei~,. ·sin oc31 ; 

D = eill,..sino · - 33• 

I (a/b) = } (ab* +a* b). 

The total cross section is expressed in terms of 
phase shifts as follows: 

'1--2 crt (7t+, p) · 2 • 2 
A -..,..--- = SID oc + SID oc 47t 3 31 

(12) 

From an examination of the coefficients (Table 
9, Ref. 2) obtained for 307 mev, computations were 
made to evaluate the phases of scattering for the 
D-waves. For simplicity, an approximate solution 
of the system of Eqs. (10) and (ll) was sought by 
assuming that u. 31 = 0 and u. 33 = 134°, i.e., the 

magnitude of the phase shift u. 3 3 was used as ob­
tained graphically in the ( S-P )-analysis. Such an 
assumption is quite natural since the perturbation 
introduced by the D-waves has a relatively weak 
influence on the phase u. 3 3 • The result was that 

the obtained values foro 33 and 8 33 can satisfy the 

equations for all coefficients, the phase shift u. 3 

obtained thereby being considerably less than 24°, 
i.e., much less than the value obtained if only the 
S- and P-waves are considered*. In view of this, 
the experimental data of Ref. 2 and of Refs. 2-5, 7 
cited in Ref. 2, were again analyzed with the aid of 

* It should be noted that Orear already attempted some 
time ago to account for the effect of D-wavesB by in­
terpreting the experimental data on 17-meson scattering 
in hydrogen in the energy range up to 220 mev, How­
ever, he took into consideration only the effect of the 
D-wave with a total angular momentum 5/2. As seen 
from the equations, phase 0 5 produces a small "per­
turbation" in the phase shdt u,. 3 if the value of 835 is 
taken to be of the order of several degrees at 160-200 
mev, The value 835 = -0.0137]5 propo~ed by Orear 
(which agrees with experimental data in the energy 
range {)f 100-200 mev) is definitely excluded by the re­
sults of the present work. Besides, as shown in a later 
work of Orear 7, all experimental data in the energy 
range up to 220 mev satisfy Eqs, (4)-(6) sufficiently 
well, a fact also confirmed by our measurements ( see 
Table II). 

the high-speed electronic computer BESM of the 
Academy of Sciences, USSlt*. Computations were 

made of the optimal phase shifts o. 3 , u,., o. 33 , 8 33 

and 8 3 5 , thereby only such solutions were sought 
in which u,. 3 is negative and u,. 33 lies between the 

limits ±10° from the values given in Table I. 
In the corr;putations, the differential and total 

cross sections were expressed by the five phase 
shifts according to Eqs. (7)-(12). A minimum was 
sought for the quantity 

, M = f r; (<"J.a, <"J.a1. ("J.~~iaaa. aas)- cri r ' 
where f; (u,. 3 , o. 31 , u,. 33 , 8 33 , 8 35 ) denotes a func­

tion expressing the cross section in terms of phase 
shifts, and a. is the cross section as measured ex-

' perimentally with an error /).ai" The values of 
phase shifts obtained by(S-P)-analysis with the 
aid of Ashkin diagrams served as the initial data. 

As a first approximation the phases were changed 
in turn, beginning with o. 3 , within given limits for 
each degree. This cycle was repeated several 
times, as long as the value of M has not ceased to 
diminish, after which the measurements were made 
every half degree, etc. 

The "optimized" scattering phases for 270 and 

307 mev obtained in this manner are presented in 
Table Ill. 

As seen from this Table, the experimental val­
ues for 307 mev, which are not well satisfied by 
three parameters (see Table 7, Ref. 2 and Table I 
of this work), are well satisfied by the five phase 
shifts. At this energy, o and o are approxi 33 35 -

mately equal in absolute value and have different 
signs: This property, as follows from Eq. (10) may 
explam the fact that the coefficient J.Q determined 
by the intederence of P- and D-waves is not ob-
servable in practice. As far as coefficient 8 is 
concerned, it is determined by the interference of 
(S-P)- as well as by intederence of (P-D)-waves 
when_ce. it follows that for all energies up to 300 
mev It Is extremely difficult to determine the 
separate contributions of S- and D-waves. 

>!! The authors are thankful to the director of the Com­
putation Center, of the Academy of Sciences, USSR, 
Academician A. A. Dorodnitsyn for the opportunity to 
make computations on the BESM and also to the col­
laborators of the Computation Center, Academy of 
Sciences, USSR and of the Institute of Exact mechanics & 
Computation Techniques, Academy of Sciences, USSR, -­
who rendered assistance in this work. 
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TABLE Ill. 

"Optimum" phase shifts (in degrees) 

Meson 
energy, o:, o:, 0:33 

mev 

I 
270 -13.6 

I 
-4.3 128.8 

307 -13.0 -4.0 133.7 

A. D-Phases 833 and o35 

It is difficult, on the basis of only the "optimum" 
solution presented in Table liT, to assert anything 
with certainty concerning the size of D-waves 
contribution at energies of the order 300 mev. 
Nevertheless, it is of definite interest to examine 
the results of such a procedure. This will be car­
ried out in the following section, chi~fly in the 
discussion of the S-phase behavior. 

It is known that for small values of phase 
shifts their dependence on the meson momentum 
TJ, in the center-of-mass system, can be written 
· h f Zl+l A k' h m t e orm const x TJ • s a wor mg ypo-
thesis, therefore, the values of phase shifts for 
the D-waves were taken as equal (in degrees) to 
8 33 = 0.20TJ5 and 8 35 = -0.2lTJ 5 , where the coeffi-

cients are determined from the "optimum" values 
of phases 8 33 and 835 for 307 mev. Of course, 

such a choice is entirely arbitrary, especially in 
the case of phase 8 33 , the"optimum" values of 
which are not regular. The dependence of fhase 
shift 8 35 as written above is shown in Fig. l. In 

m· ~ 

0 . 
150 0 l/JD Z5U JDD JJ/J £,r (mev) 

0' •• . 
2,0 'l 

-J' • • 
-ro· 

-!5" 

FIG. l. "Optimized" D-wave phase shifts, obtained by 
( S-P-D )-analysis. o 3 3 o- data analysis, the present 

workt •- data analysis, other papers. 835:0- data 

analysis, present work; • -data analysis, other papers. 

Solid curve -835 = TJ -21 x 'f/5 . 

Number of 

033 ll., M experimental 
points 

I 
4.3 - 6.9 4.03 I 

7 
9.5 -10.0 3.78 9 

I 

the same Figure, for comparison,are shown the 
optimum phase shifts 8 33 and 8 35 obtained with 

the aid of the electronic computer. The tendency 
of the D-phase, particularly phase 8 35 , to in­
crease with the meson energy is seen from the 
graph. Considering the accuracy of the initial 
data and the nature of the mathematical problem, it 
can be only stated that there is no contradiction 
between 0 rv TJ 5 dependence and the obtained data. 

B. S-Phase o. 3 

Figure 2 shows the values of phase shifts o. 3 

JO 100 

1,0 

-ZIT 

-!5' 

FIG. 2. Phase shift o. 3 for low- and high-energy 

mesons. X- data cited in Ref, 7; a - ( S-P-D ). data 

analysis, present work; 0 - ( S-P-D) data analysis, Ref. 

6; e-(S-P)-analysis of data, present work; o-(5-P)­

analysis of data in Ref. 6. Solid curve- dependence "'- 3 

= 6.3°TJ• 

as a function of the meson momentum TJ in the 
energy range less than 100 and greater than 240 
mev, i.e., in those energy regions where this 
phase can be determined relatively accurately. The 
straight line represents the relationship u. 3 

= -6.3°'7, which best satisfies the experimental 
data at low energies. The values of "'- 3 at low 

energies are indicated by crosses. At energies of 
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240 mev and higher, the "optimized" values of 
o:. 3 , obtained on the assumption that only S- and 
P-waves figure in the scattering, are shown as small 
circles. 

It is seen from the Figure that, as already pointed 
out above, the linear dependence of o:. 3 is incom­
patible with the values obtained in the region of 
high energies using the (S-P)-analysis. This indi­
cates that at energies '""200-240 mev the meson 
wavelength, in the center-of-mass system, becomes 

comparable to the interaction radius r 0 ( r 0 "' 1r 
'""8 x 10 14 em). In the same Figure, small 
squares indicate "optimized" values of u. 3 for 
energies 240, 270, 307 and 310 mev when the D­
wave is also considered in the analysis of the data. 
As can be seen, the values of phase o:. 3 are in 
complete agreement with the dependence obtained 
at low energies. This behavior of the S-phase 
shows indirectly, but, of course, does not prove, 
that even at energies of the order of 300 mev the 
contribution of the D-waves cannot be neglected 
in the evaluation of the S-phase. 

It should be emphasized that if the assumed re­
lationship 8 33 == 0.207] 5 is indeed correct, then the 
influence of the D-wave on the o:. 3-phase determin­

ing coefficientB becomes noticeable even at ener­
gies 100-150 mev. To illustrate this, the solid 
curve in Fig. 3 represents the energy dependence 

B 

Sr'(mev) 

-0.5 

FIG. 3. Dependence on meson energy of coefficient B. 
Experimental points- values of coefficient B obtained by 
the method of least squares using as an approximation of 
the angular distribution the function ]r-2 oo/ dO == A + B 

cos()+ C cos2 ()o x- data, present work; e -data, works 
of other authors, 

of the coefficient B computed by considering the 
S-and P-waves only (u. 3 taken as equal to 6.37]), 
while the dotted curve represents the energy de­
pendence of the coefficient B computed by con­
sidering the S-, P- and D-waves ( u. 3 = -6.3 M and 
u. 33 = -o:. 35 = +0.207] 5 ) (all values of phase 

shifts are given in degrees). In the same Figure 
are given the values of the coefficient B for dif­
ferent energies obtained by the method of least 
squares, if the angular distribution is approxi­
mated by the function: 

Ji.-2 :~ =A+Bcos6 +Ccos2 6. 

It is seen from this that the linear dependence in 
the 'form proposed by Orear, even at relatively low 
energies, agrees better with experimental data when 
the D-wave contribution is taken into consideration. 

The linear dependence of u.3 which manifests it­
self when (S-P-D)-analysis is used, deserves con­
sideration. It is known that phase shifts will be 
proportional to 1J 21+ 1 under the condition that the 
radius of the meson-nucleon interaction r 0 is 
smaller than the wavelength 7r of the meson in the 
system of the center-of-mass; therefore, linear or 
almost linear dependence of o:. 3 up to 307 mev in­
dicates that r 0 cannot appreciably exceed 7r ( 307 
mev) = 6.5 x 10- 14 em. Thus, independently of 
whether or not S- and P-waves alone are suffi­
cient to describe scattering, it follows from our 
measurements, that the radius of meson-nucleon 
interaction is'"" 7 x l0- 14 cm. Strictly speaking, r 0 

is here the radius of interaction between the 
meson and the nucleon in the S-state with an iso­
topic spin 3/2. However, it is natural to corre­
late this value with "dimensions" of the proton, 
if we consider the experimental results on scatter­
ing of electrons and protons by protons 9 . 

C. Phase Shift u. 31 

"Optimized" phase shifts u. 3 1 , previously ob­
tained by a series of authors, and also those ob­
tained in the present \\ork, are extremely irregular 
at energies up to 220 mev so that even the sign of 
this phase cannot be uniquely determined. How­
ever, in the region of higher energies phase, u. 3 1 

behaves regularly. It can be definitely concluded, 
from data obtained in this work, that phase o:. 3 1 is 
negative and apparently less than 10° up to 310 
mev. This is shown in Fig. 4, where the "opti­
mum" values of phase u. 31 , obtained from analysis 



SCATTERING OF 11+-MESONS 379 

of data with consideration.of S-and P-waves only, 
are shown as little squares, and the results which 
include the D-waves as well are shown as little 
circles. It is seen from the Figure that u. 31 is sys­
tematically decreasing when the data are expressed 

through the five phase shifts. 

dJJ 

1tr 

o· 

-!0" 

-;o· 

1/Jil 

ljJ ... f,f{l• 
I 

r,'s . 
D 

2/JO 250 JOO &i(mev) 
.. I 

B
1 t/ '~ lJ . 

a 

FIG. 4. Phase shift u. 3 1 at different meson energies. 

Q- ( S-P )-analysis of data, present work; o- ( 5-P-D )­

analysis of data, present work; • - ( 5-P-D)-analysis, 

oth~r papers; e- ( S-P-D )-analysis of data, other papers. 

D. Phase Shift o. 33 

In Fig. 5 are shown "optimized" values of 
phase v. 33 obtained by a series of authors (see, 
for example, summary 5 in Ref. 2). The "opti­
mized" values of IX 3 3 obtained in this work by 
data analysis which includes D-waves is indi­
cated by small circles. It should be noted that, 
if only S- and P-waves are considered, the phase 
shifts u. 33 are very little different from those 
shown in the Figure. Data for higher than 240 mev 
cannot be represented in the form of a straight line 
on the Chew and Low diagram 10 . The theoretical 

significance of this fact is not clear. 

al1 

flO" 

!110" 

till! !J/l JIJD 1511 <ff (m ev) 

2,11 

FIG.5. Dependence of the phase shift u. 33 on 11-meson 

energy. o- data, present work; •- data, other papers. 

Solid curve- relation 11 3 x arctan v.33 = 4.3 + 0.61/2 

~o.s 11 4 . 

As should be expected, at high energies the 
values of v. 3 3 given in Fig. 5 definitely exceed 
those obtainable from total cross section data ( see 
Fig. 17, Ref. 2, and also the work of Lindenbaum 
and Yuan 11 ) if it is considered that the interac­
tion is completely determined by the state P 312 • 

Since the values of u. 3 3 near ''resonance" can­
not be determined with good accuracy, we have 
made an attempt to obtain an analytical depend­
ence of this phase in a form that preserves for 
small energies the dependence v.33 = 0.235'1/ 3 

( Ref. 7) and conforms to the data obtained in this 
work for high energies. We have selected the re­
lation 12 of the form 11 3 arctan o. 33 = 4.3 + 0.611 2 

- 0.811 4 , which is shown in Fig. 5 as a solid 
curve. Naturally, the relation obtained in this 
manner may not reflect the behavior of u. 3 3 in the 
resonance region. The behavior of v. 33 in this 
region of energy is discussed below. 

According to the data of Lindenbaum and Yuan 11 , 

the maximum at ( 11 +, p) is found at rv 175 mev, 
while from our data (see Fig. 17 of Ref. 2) this 
maximum is found approximately at 185 mev. Con­
sidering the experimental errors in our measure­
ments and those in Ref. ll, it can be stated that 
there is no significant disagreement between the 
experimental results. However, the statement by 
Lindenbaum and Yuan that u. 33 can pass through 
90° at as low an energy as 175 mev, can, in our 
opinion, be refuted on the basis of the behavior of 
the coefficient B. As it is known, considering 
S- and P-waves only, 

B = 2sin IX3 [2sin IX33 ·cos ( IX33 - 1X3 ) 

Considering that in the energy region near 
"resonance", v. 3 is approximately -10°, an.d 

v. 31 close to zero and negative, it can be stated 
that the value of IX 3 3 does not exceed 80° when 
B = 0. It is seen in Fig. 3 that B cannot" be 
equal to zero at energy less than 176 mev, from 
which follows that the "resonance" energy can 
hardly be less than 190 mev. This conclusion is 
confirmed by the analysis of Bethe and others 13 . 

3. CAUSALITY 

Based on the work of Goldberger, Myazowa and 
Oehme 14 on the application of the causality prin­
ciple to the meson:"nucleon scattering, Anderson 
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and others5 and also Sternheimer 15 obtained the 
energy dependence of the real part of the scatter­
ing amplitude below 0° from the combined data on 
total scattering cross sections of mesons by pro­
tons. The real part of the scattering amplitude 
below 0° obtained in this manner was compared 
by Anderson, Davidon and Kruse with its expres­
sion in terms of phase shifts up to 220 mev. New 
data obtained in this work permitted the extension 
of this comparison to 310 mev; here the phase 
shift values obtained by ( 5-P )-analysis were used 
as well as those obtained by ( 5-P-D )-analysis. 

If we denote by D + ( Tf) the real part of the for­
ward scattering amplitude and by ;t and 7t- em the 
meson wavelengths in the laboratory system and in 
the center-of-mass system, respectively, then 

2; D+ (·ra) =sin 20t3 +sin 2()(31 
];.em 

+ 2 (sin 20t33 +sin 2<333) + 3sin2~38 • 

In Fig. 6 are shown results of data analysis of 
this work and also analysis of certain rr +_P scatter­
ing data of other authors (Refs. 2-5, 7 in Ref. 2 ), 

f./} 

IJ 

-lO 

-z.o 

-!1-.Jl+('l) 
X·em 

l.fP JOB f (mev) 

z.o 'l 

-JO 10---------'---"'-

FIG. 6. Comparison of the value (2A/A~m)D+(Tf), 
computed on the basis of causality conditions with 
the values: sin 2cx. 3 +sin 2cx. 31 + 2 (sin 2cx. 33 +sin 
X 2833 ) + 3 sin 2835 { o-present work; •-result of 
data analysis, other papersl2sin2cx. 3 +sin 2cx. 31 
+ 2 sin2u.33 { 0-present work; •-other papers}, 

It is noted from the Figure that-agreement be­
tween the real parts of the forward scattering ampli­
tudes computed on the basis of the causality prin­
ciple with the corresponding data obtained from the 
angular distribution in rr+-p scattering continues 

to be good up to meson energies of 310 mev. The 
quet>tion whether better agreement is obtained ~ 

using ( 5-P )·or ( 5-P-D )-analysis for the computed 
curve cannot he answered. This was to be expec­
ted since the basic characteristics of the solid 
curve shown in the Figure, even at energies"' 300 
mev, is determined in the final count by the phase 
shift ex. 3 3 which is practically equal for both ( 5-P)-

and ( 5-P-D )-data analysis. 

CONCLUSION 

Below is a summary of the contents of the pre­
ceding2 and present papers. 

l. Angular distribution of rr +-meson scattering 
by hydrogen at 176, 200, 240, 270 and 307 mev, as 
measured by the scintillation counting method, are 
presented in Figs. 12-16 of Ref. 2. 

2. Energy dependence of the total cross section 
~t(rr+, p) is shown in Fig. 17, Ref. 2. 

3. With the aid of a high-speed electronic 
computer, a phase analysis was made of the data on 
the assumption that the scattering process is 
described by 5- and P-waves only[ ( 5-P )-analysis, 
Table I], as well as on the assumption that 
5-, P- and D-waves contribute tothe scattering 
[(5-P-D)-analysis, Table III; Figs. 1-5 ]. Among the 
possible solutions only the phase group in which 
u. 3 is negative and v. 3 3 passes through 90° in the 
energy region 170-200 mev, was examined. 

4. Phase shifts ex. 3 3 are shown in Fig. 5. They 
are practically the same for (5-P )-and (5-P-D )­
analysis. Some evidence is presented indicating 
that ex. 3 3 passes through 90° a!_ an energy > 176 mev, 

5. It is impossible to reconcile the obtained 
values of u. 3 for 240, 270 and 307 mev with 
Orear's equation cx. 3 = -O.llTf, which approximates 

well the data for low energies, if the data is 
described only by the three phase shifts of 5- and 
P-waves, cx. 3 , u. 31 and 01. 33 . 

6. There is no direct indication of the need for 
using ( 5-P-D )-analysis for the data presentation if 
we discount the measurements made at 307 mev 
which are approximated only whh difficulty by ~ 
function of the type a + b cos e + c cos 2 e. 

7. The "optimized" values of phase 01. 31 , which 
are, as known, highly irregular up to "'200 mev, 
become regular at higher meson energies (see 
Fig. 4 ). It can he stated that ex. 31 is negative and 
is apparently less than 10° ttp to 310 mev. Phase 
ex. 31 is definitely decreasing when the data are 
expressed by five phase shifts. 

3. "Optimized" D-wave phase shifts 8 33 and 
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835 are positive and negative, respectively. The 

phases are represented in Fig. 1 where their ten­

dency to grow with energy can be seen. 

9. With ( S-P-D )-analysis the values of S­
phase (.). 3 are considerably smaller compared with 

those obtained by ( S-P )-analysis (see Fig. 2 ). If 
we consider the possible D-wave contribution, (). 3 

depends linearly or aln10st linearly on the meson 

momentum up to 310 mev, according to the equation 

detern,ined for low energies (.). 3 = -0.117]. 
10. At any rate, independent of whether or not 

S- and P-waves only are sufficient to describe 

scattering, it follows from 5 and 9 that the radius 
f 1 . . . 7 10- 14 o meson-n uc eon Interaction IS r 0 "' x err .. 

11. The real part of the forward scattering ampli­
tude, obtained from the causality condition, agrees 
well with its representation by phase shifts up to 
310 mev. 
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