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FIG. 2. The dependence of the density 
jump (upper curve, left scale) at the 
boundary between He I and He II, and 
the temperature (lower curve, right scale} 
on the square of the heat flow density. 

with a jump in density and temperature. To esti
mate the jump in temperature more precisely,, the 

dependence of the density change of He 4 on tempera
ture was taken at a pressure of l atm. (fig. 3). The 

density was determined from the passage of inter
ference bands in the same apparatus. On the X-axis 
is shown, instead of temperature, the helium vapor 
movement in the bath, because in this presentation 
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FIG. 3. The change in the density of 
liquid helium under 1 atm. pressure as a 
{unction of temperature, expressed in 
helium vapor pressures in the bath. 
o - present measurement data, x- data 
by Keesom [ Physica 1 128 (1933)] 

the density of He I changes linearly in a large in
terval. Inasmuch as, for transitions of the second 
kind, the equality at the boundary line of tempera
tures and pressures, and also entropies and densities 
is characteristic, whereas in a transition of the 
first kind, the temperatures and pressures are equal 
and jumps occur in the entropy and the density, 
the transition of He I to Hell and back, in presence 

of a heat flow, should be called either a special 
transition of the first kind, or a transition of zero 
order, since here at the boundary line not only the 
values of entropies and volumes, but also those of 
temperatures and probably pressures suffer a break. 

The presence of a temperature jump between two 
phases of liquid helium does not have direct 
analogy and it can be explained by a change in the 
mechanism of heat transfer at the boundary. If in 
He I one can speak of a thermal movement of 
strongly bonded but still separate helium atoms, 
the heat flow in He II is effected by a quantum 
movement of thermal excitations of photons and 
rotons. It is obvious that the interaction between 
these types of heat transfer is accomplished with 
difficulty, which causes the jump in temperature. 

The experiments to study the described pheno
mena are continuing. 

In conclusion I express my gratitude to N. I. 
Kondrat'ev, who built the apparatus, and also to 
A. I. Filimonovand I. A. Uriutov, who helped with 
the measurements. 

Translated by S. Pakswer 
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Re_lativistically Invariant Fo--rmulation 
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and Scalar fields 

E. M. LIPMANOV 

Novozybkov State Pedagogical Institute 

(Submitted to JETP editor, February 17, 1955) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 583-584 
(March, 1 956) 

I T was shown 1 that the generalized Coulomb 
field of charges can already be excluded in a 

relativistically invariant way in classical elec
trodynamics, a fact which facilitates the transi
tion to the quantum theory. However, the problem 
of formulation of quantum electrodynamics in the 
Heisenberg representation and the transition to 
the interaction representation has only been super-

ficially raised and needs a more exact treatment. 
In the present note, it will be shown that the for
mulation of quantum electrodynamics in the Heisen~ 
berg representation can be obtained from the vari
ational principle 

8 ~ Ldw= 0, (l) 
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where dw = dxdydzcdt, and the Langrangian func
tion is of the following form;* 

Here t/1 (x) and t/J '(x) are the spin or and the charge
conjugate spinor of the Dirac quantized field, 
q/l (x) is the o.perator of the photon field, and the 
operator cp(x) is assumed to be expressed in terms 
of the 4-current density in the following way: 

) 1 (' iJfiJ (x - x') . , ' 
cp(X=-Jnv iJ f}..(X)da"J... (3) 

C a XV 

where the space-like surface a is passing through 
the point x and is chosen to be plane. The photon 
field is subjected to two additional conditions; 

n)J.a)J.'(x) = o; I aa)J. (x) 1 ax)J. = o. (4) 

The commutation relations between the field 
operators on the space-like surface a are identical 
with the well-known covariant commutation re
lations for the ''free" photon and electron-posi
tron fields, satisfying the linear equations of 
motion. 2 From (l) and (2) we obtain the follow
ing equations of motion for the field operators: 

0 2a (x) =·- 1~ j '(x) (5) 
P· • C JJ. 

_j_ O<p (x) 2 + ax nv ax - n)J.O cp (x), 
1'- v 

(6) 

ie 
- Z"lic y JJ.nP. {lji (x), <p (x)} = 0, 

[YJJ.(a:JJ. +~ca1, (x)) +xo)]t'(x) (7) 

where { } denates an anti-commutator. The 
nonlinear terms in the equations for the opera
tors of the electron-positron field arise from the 
Coulomb charge interaction. The Coulomb field 

itself does not enter the theory. In connection 
with . this, the theory is no longer gauge-inva
riant. 1 

The transition to .interaction representation is 
effected by the canonical transformation 

':J" [a]= U [a] ct>, (8) 

where <I> is the constqnt vector of the state of the 
system in the Heisenberg representation, and 
t/1 [a] is the vector of state in the interaction 
representation. The unitary operator U [a] satis
fies the equation ** 

i c -U [a]= U [a0]-"lic J H (x') U [a'] dw', (9) 

"-' 
where H ( x) is the energy density of the inter-
action of the fields*** 

- 1- - 1 - -
H (x) =-c j v (x) av (x) - 2c nvj v (x) <p (x). ( 1 0) 

The field operators are transformed in the fol
lowing way: 

F (x) = U [a] F (x) u-1 [a]. 
(ll) 

In order to find the equations of motion in the 
interaction representation, ir is necessary to write 
down the transformation formulas of the deriva
tives of the operators. The Schwinger transfor
mation formulas 2 cannot be applied in this case, 
since it is assumed in the.ir deductiQn that the 
transformation operator F (x) commutes with the 
interaction Hamiltonian in various points of the 
space-like surface a, and in: the present case 
when, for instance, F (x) = t/J (x), the said assump
tion is not fulfilled. 

Making use of the relation 
a 

~ I F (x') dw' - i F ( ') _, ' axv j - J X U(jV' 

a 0 a 

(12) 

we obtain, on the basis of (11) and (9), the trans
formation formulas for the derivatives 

oF(x) a -
- 0-- = :;---- (U [a]F (x) U-1 [a]) 

Xv vXv 
(13) 

oF(x) · \ 
= u l(jl ----ax;- u-1 f(jl -~c.) rR (x'), F(x)J d<. 

a 

which are applicable also in the case when the 
operators F(x) and H (x) do not commute in various 
points on a. 

By means of the formulas (13), we find the 
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desired equations of motion in the interaction 
representation 

0 2a"" (x) = o (14) 

in accordance with Ref. l. 

*Notation of Refs. 1 and 2 is used throughout. 
**The inte,.gral equations for U La J and the vector 

of state 'I' La). are, in contrast to the differential 
equations, applicable without reservation in the ease 
of plane a. 

***Operators in interaction representation are 
labelled by "'· 

1 
E. M. Lipmanov, J. Exptl. Theoret. Phys. (U.S.S.R.) 

27, 135 (1954). 
2 
J. Schwinger, Phys. Rev. 74, 1439 (1948). 

Translated by H. Kasha 
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(Submitted to JETP editor December 2, 1955) 
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(March, 1956) 

I ·N the present communication we shall show that 
. the dependenc of the yield of fragments on 
their chai-ges and mass numbers, in the case of 
spontaneous fisejion as well as in the case of 
fission by thermal and fast neutrons, can be ob
tained by a single method, if one adopts the 
hypothesis suggested by Frenkel 1• This 
hypothesis consists in regarding both spontane
ous and induced fussion as atunnel effect origin
ating, respectively, frow the ground or excited 
state of the fissioning nucleus. The potential 
barrier for fission is assumed to be due, on one 
hand to the specific nuclear potential "well", 
and ~n the other, by the elect~ic (Coulomb) re
pulsion of the fragments. From this point of view, 
a.-decay is regarded as the most sharply asym
metric fission. The well-known quantum-mechani
cal formula for a.-decay 2 can be easily extended 
to the asymmetric fission of a nucleus with 
charge Z 0 into fragments of charge Z 1 and Z 2 • 

Let E be the sum of the kinetic energies of the 

fragments; v = y2E/M their relative velocity Cl! 
is the reduced mass of thefragments); p the radius 
of the specific nuclear potential well; a 
= Z 1Z 2 ~ 2/pE. It is easy to obtain the following 

formula for the probability of fission w: 

W=Wo (l) 

{ 4Z1Z2e2 11 lf } 
X exp 1iv (arccos cr- •- o-1 (a- 1) •) , 

where the coefficient w 0 in front of the exponen
tial is of the order of magnitude of the fundamental 
frequency of nuclear vibr~tions (w 0 "'3x1021 

sec -1 ). The sum of the kinetic energies of the 
fragments if found from the relation 

(2) 

where E 0 , E 1 and E 2 are the binding energies of 
the fissi_oning nucleus and of the two fragments, 
and Q the energy of their internal excitation 3 • 

The binding energies are calculated from the semi
empirical formula 4 • Formula (1) has been applied 
to the fission of uranium nuclei. The correct 
order of ma~itude for the period of spontaneous 
fission, 10 1 sec, is obtained with E = 150 mev 
and the radius p = (A ~1 3 + A~l 3 ) 1.5 x 10- 13 em. 
(Here a preliminary approximate integration of 
Eq. (1) has bt?en carried out over all fra~ents 
A1 and A satisfying the condition A 1 +A 2 =A 0 ). 

The hypoiltesis underlying the calculation of 
T assumes that the fission takes place through 
t~: intermediate stage of spheres in contact, 
which in no way contradicts the thermo-hydro
dynamical mechanism of fission. An analogous 
calculation forTh 23 2 gives the period of spon-

90 . 
taneous fission as T > 1018 years. The asym-
metry of the fission sc"an be easily obtained from 
(l). Let us denote by w the probability of sym
metric fission and let us expand ln( w/w ) into a 
series according to powers of the variables 

~:-_(Z0 -2Zl)· _ E-E 
<.,- • 7)-----

Zo E 

( E'is E for symmetric fission). We then obtain, 
with sufficient accuracy, the formula 

w Z~e 2 { _ 1 , 

ln =- = -=- ~arccos (a)- " 
w 1iv 

The results of calculations with this formula 
are given in Fig. 1; conversion of fragment 
charges into th~ir mass numbers was carried out 
with the aid of the semi-empirical tables of Ref. 
5; the same reference was used for comparison 
with experimental data. In these calculations 


