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The free path length of a nonlocalized exciton in a polar crystal is calculated for high
and low temperatures, taking into account the interaction of the electron and hole, which
form the exciton, with the thermal vibrations of the lattice.

INTRODUCTION

IN an earlier article by the present authors?!, de-

voted to the free path length of a nonlocalized
exciton in an atomic crystal, the general quesion
of the existence of excitons was considered, and
experimentd results supporting this existence were
presented. In the present article we give results
concerning the cdculation of the free path length
of a nonlocalized exciton in a polar crystal at
high and low temperatures, omitting the details
of the computation, since they are similar to the
calculations of the earlier article.

We shall, as before, consider a nonlocalized ex-
citon as a hydrogenlike formation, made up of a
electron and a hole, described by the wave function

Pex = V1 ™R (mad) exp{—r/aa}. Q@
Here V is the elementary volume of the crystal, k is
the wave vector of the forward motion of the ex-
citon, R and r aeralius vectors of the center of
inertia of the exciton and of the electron relative
to the hole, that is, '
R = (pary + pora) /(11 +p2), T=r1,— T @)
where p,, py and r, r, are the effective masses
and radius vectors of the electron and hole (we
shall continue to use the index 1 to refer to the
electron and 2 to refer to the hole ). The “Bohr

radius of the exciton’’ is

Aex = xh? [ pe?, @)

where % isthe optical dielectric constant and
= pypy/ (py + py) is the reduced mass. The

energy corresponding to the state (1) of the ex-
citon is
Ey = (h*k? | 2prex) — pet | 2¢h2 = ¢ — AFE, @)

where the mass of the exciton is Foy = Hy+ Ky

Dykman and Pekar? have shown that localized
excitons are formed in polar crystals only under
the conditions p;/p, > 10 (or po/py > 10). In

the treatment which follows we shall suppose that
the ratio of the effective masses of the electron
and hole does not reach such large values, that
is, that we have to do with a nonlocalized ex-
citon. It should dso be noted that, apart from the
slow decrease of the Coulomb field with distance,
the application of the hydrogenlike exciton model3
is justified, from our point of view, to the same
extent to which the application of the method of
effective massesto electrons and holes in kinetic
phenomena is allowed.

The interaction of an exciton in a polar
crystal with the thermal vibrations of the lattice
is dependent on the interaction of the electron

and hole with the optical branch of the vibrations.
We shall, in what follows, concern ourselves only
with those collisions of excitons with phonons in
which an internal excitation or dissociation of the
exciton does not occur. For collisions of an ex-
citon with a phonon of the optical branch of the
vibrations, for minimum excitation of the exciton,
the conservation laws give

k ——+— q = k’) (5)
e e
Digy = M = 2y, T Ere ®)

Here qis the wave vector of the phonon, w_ is
the frequency of the optical branch of the
vibrations (we shall consider @, as independent
of q) and £, = 3/4 AE is the minimum energy of
excitation of the exciton.

From (5) and (6) it is easy to show that the
condition of nonexcitation of the exciton during a

collision with a phonon of the optical branch has
the form:

T=¢e/(Ex—hoy) < 1. (7)

For an overwhelming number of excitons we may
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replace € by 3/2 koT in this expression; thus,

T=3koT /2 (Ey — heog) < 1. (7a)
Since in polar crystals x2 ~ 5, we have
E, ~ p/m, ev. The energy #w is of the order

of hundredths of an electron volt. Hence, if the
ratio y/m, is not very small, then the inequality
(7a) will be fulfilled up to high temperatures, of
the order of thousands of degrees.

By substituting £, = 0 (the exciton is not ex-
cited ) into (6), it is easy to determine the lowest
and highest values of ¢ for high and low tempera-
tures. For high temperatures (kT > % wy):

Ioin =0, g, =2k, 8
For low temperatures (kT <% o):
Gmin = -l/z}"exmo/h + R —k, (8a)

Jmax = VQPex@o/h + k%2 -+ k.

In calculating the free path length of the ex-
citon we shall make the assumption that the
average time of the free path between two succes-
sive collisions with the lattice vibrations is much
less than the average lifetime of the exciton.

PROBABILITY Wkk +FOR AN EXCITON TRANSITION
DURING ABSORPTION AND EMISSION OF A PHONON

As the energy of excitation U for the interaction
of an exciton with the vibrations of a polar lattice
we take the energy of interaction of the electron
and the hole with the optical branch of the vibra-
tions*:

U=—eY o) +edolm), O
q q
2riZeC iqr, . _igr,
P1q (1) = —VE/:T;T% (age"— ae™ ). (9a)
0

Here Z is the charge number of the ions, ¥
= Mle/(M1 + Mz) is the reduced mass of the

ions, a is the lattice constant, N is the number
of cells in the fmdamental volume of the crystal
V, C, is a constant of the order of unity, taking
account of the deformation of the electron shells
during collisions of the ions, the a_ are the
normal coordinates of the lattice vibrations. An
analogous expression, depending on ¢,, may be
written for ¢, (r,), that is, for a hole. The
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constant C, will be different from C,. since the
electron and the hole are in different quantum
states.

The wave function for the zeroth approximation
of the system, consisting of exciton and crystal,
has the form

¥ (R, ray) = Yyl tR (mad) ™

Xexp {—r/ae} || P, (aq),
q

(10)

where (DN (aq) is the oscillator wave function of
q

the normalized vibration a .
. . S s
Calculating the matrix element of the transition
by the general rule

U““’=S ¥ (R, 7, a)) U¥ (R, 7, aq) dR drdag, (1)

we obtain for the transition probability associated
with the @sorption and emission of phonons the
expressions:

Wﬁkl = quQ (q) o (Skl -— 8k — hO)o),
Wide=w (Ny + 1) Q (9)3 (e — oi + hoy).

(12)

Here w = 873 Z2¢4 C%/VMag w,q2, N, is the
quantum number of the normal vibrations, & is a

delta function expressing the law of conservation
of energy and

Q(g) =1(1 +Fig?) > —s(1 + Bg9)2p,  (120)
where 8, = x# 2/ 2,2, By = ;c'/tz/2u2e2 and

s = C,/C,. In order of magnitude B, and B, are
equal to a__.

FREE PATH LENGTH OF AN EXCITON AT HIGH AND
LOW TEMPERATURES

The free path length of an exciton is I = Tv.
The velocity of the exciton is v =hk/p, , while
at high temperatures (£ ,T »>% @) the relaxation

time 7is determined by the formula®

1 Ak _ 13
?=‘_“275(Wftk'+ Wiw). (13)
q
Calculation gives
_ _ G ho 2M e
I=LF(x), h=52 (gt (1)



%6 A. 1. ANSEL’M AND Iu.

Here /, is the free path length of an electron with
energy € equal to the energy of the forward motion
of the exciton. The function F(x), depending on

the dimensionless variable x = azxk2 =2 a? e/h?

ex ex
determines the deviation of the free path length of
the exciton from the free path length of an elec-
tron of the same kinetic energy:

1 _utoa st 1 (14a)
F(x) oy x [30:?( a+ afx)3) ?
1 1
T BTL§ (l —(1 + uﬁx)’) -

92s Z/ag 1+ agx
T (o) \T— (/o 1 1 ax

i +xa;x + (:_:)4 1 +x Jf})] ’

where o, = p,/p, and oy = py/p, . Thus, the
function F (x) depends only on two parameters:
s=C,/C, and g = p,/p,.

In the specid cases when g=1or g> lor
s =1, the function (14a) becomes simpler. In
order to obtain a more visual representation of the
change of the free path length of the exciton
with the change in .its energy, curves (Figs. 1 and
2) were drawn up. The dimensionless kinetic
energy a = azxk2 is plotted as abscissa and the
function F(x;s, g) is plotted as ordinate. In
Fig. 1, g = 10 for all the curves, while the para-
meter s ranges in value from 0.3 to 2. In Fig. 2
g ranges from 1.2 to 10, while s varies within the
narrower interval from 0.85 to 1.1. The general
aspect of the curves in Figs. 1 and 2 shows that
the function F (x; s, g) has a maximum in those
cases where for g > 1 the ratio of the correspond-
ing polarization constants s <1. In such cases,
the nearer s is to unity, that is, the smaller the
difference between C, and C |, the smaller is the

value of x at which the maximum occurs. If g and
s are both larger (smaller) than unity, then the
function F(x;s, g) decrease monotonically with
increasing x and decreases more steeply the
closer s is to unity. It must be kept in mind,
however, that, in accordance with (7), the theory
applies for such times as

x <(2pex azx / h2)(E1 — hex). (15)

In thermal equilibrium € =€ = 3/2k T for the
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Fic. 1. g = Ho/py = 10 for all the curves. s = 0.9 for
curve I, s = 0.8 for curve I, s =0.7 for curve III,
s = 1.15 for curve IV, s = 1.07 for curve V, s=2.0
for curve VI, s = 0.3 for curve VII.
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F16. 2. g =10, s =0.95 for curve I; g=5, s = 0.9
for curve II; g=3, s =0.85 for curve IIl; g=1.2,
s = 1.1 for curve IV; g=>5, s = 1.1 for curve V.

@

0 aq

overwhelming number of excitons; hence, for them
the factor /, does not depend on the temperature,
and the curve F (x; s, g) gives directly, in rela-
tive units, the dependence of the free path length
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of the exciton on the temperature. On the other
hand, it must be kept in mind that if we consider
the free path length as a function of the average
energy € of the exciton, then the change in x has
not only an upper limit but also a lower limit:

X > (3pexis | 1) Tia,. (15a)

If we consider y; = p, =m, and %2 =5, then the

order of the interval in which x lies is from 0.01
to 1.
For low temperatures (kT < # w ) the possi-

ble values of g for phonons interacting with ex-
citons lie in the narrow interval (8a). Thus, the

magnitude of ﬁ% ,q% in Q(g) [see Eq. (12a)1is

equal, in order of magnitude, to

2 ex 0 e 2 0
2 AT m -+ w2 ho
1,24 =~ D12 = -
» he B h 4 9 V
Hy,2 i

=13.5ev is the ionizing energy of a
hydrogen atom. Since % @ is of the order of a
few hundredths of an electron volt, while the fac-
tor m, (py +py) %2/ 4;@'2 is of the order of

unity, then (16) is of the order of 10‘.3.

If, on the other hand, the absolute magnitude of
the difference (1 — s) is not less than 1072, that
is, if it is larger in order of magnitude than B% 2q2,
then we may put ’

Q(g) =(1—s)p3.

In this case the transition probabilities (12) and
(12a) differ from the usual ones only in the con-
stant factors (1 — 5)2; hence, the calculated free
path length of the exciton is equal to*:

(16)

where V

17)

. M to 2 1
12"0_(4) fico/keTy /€ 1 (18).
2rp,, \CrZe?/a,) € o (1 —s)®
[} 1

L4 e (T—s)2
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Here [, is the free path length of an electron with
energy equal tothe enetgy of forward movement
of the exciton e. If 1-s|~ 0.1 and

py/ (pq + py) ~ 1, then [ is 100 times as large

as [,. We do not consider the more complicated
case where (J(q) may not be replaced by the con-
stant value (17).

It should be noted that for sufficiently low
temperatures the free path length of an exciton
will probably be determined not by the interaction
with the thermal vibrations of the lattice, but by

scattering from impurities and defects in the
crystal.

We make a remark concerning a localized ex-
citon in a polar crystal, an exciton which is
formed, according to Dykman and Pekar2, only
for a large ratio py/p, (or py/p,). As these

authors have remarked, a heavy particle here

acts like a polaron, but a light particle acts like
an F-center electron. An analysis of the question
indicates that the free path length of such an
exciton coincides in order of magnitude with the
free path length of a polaron, corresponding to a
heavy particle.
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