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. ~edia co~posed of alternate layers of two isotropic materials, when the layers are suf­
ficiently thm, behave on ~he ave~age ~itho relation to an electromagnetic field as if they 
were homogeneous hut amsotropic ( umaxial crystal). The effective permeability tensors 
l and JL of such a crystal are ohtaioned, an? limiting values are derived for thin layers as 
functoi~ns of t~e parameter~ of then matenals, and of the frequency. Losses in"a finely 
stratified medmm are considered, and also hound.ary conditions at its surface. 

INTRODUCTION 

T:HE propagation of waves in media with a 
. periodic laminated structure has often been 

considered, hut attention has been directed 
primarily at the case in which the structural period 
dis comparable with the wavelength1,2. The 
case d « il was studied by Tamm and Ginzhurg3 

in the application to a laminated core, composed 
of alternate layers of a dielectric and a metal 
(iron), on the assumption of a quite strongly de­
velq>ed skin effect in the metal. Levin 4 discussed 
in detail the propagation of an electromagnetic 
wave in the direction perpendicular to the layers 
of the periodic structure, without absorption. His 
method of calculation and his results for the case 
of long waves will he used below. 

Recently the electrodynamics of stratified 
media, composed of alternate layers of a metal 
and a dielectric, have again attracted attention in 
connection with the following application. It has 
been found that in a transmission line filled with 
such a stratified medium, with proper arrangement 
of the layers and choice of the phase velocity of 
the wave, there is a possibility of decreasing the 
losses accompanying the propagation 5 0 In the 
work cited, the calculation was done for the 
simplest case of a line formed of two conducting 
planes, the space between which is uniformly or 
partially filled with the stratified medium. The 
calculation was carried out both with and with­
out allowance for the thickness of the elementary 
layers. The amount of the loss, calculated for a 

1
1Rayleigh, Phil. Mag. 24, 145 (1887); Sci. Pap. III, 

P· . 
2 L. Brillouin, Wave propagation in periodic struc­

tures, McGraw-Hill (1946), Sec. 44. 
3 

I. E. Tamm and V. L. Ginzburg, lzv. Akad. Nauk 
SSSR, Ser. Ji'iz. 7, 30 (1943). 

: M. L. Levin, J. Tech. Phys. USSR 18, 1399 (1948). 

A.M. Clogston, Proc. IRE 39, 767 (1951); Bell 
Syst. Tech. J. 30, 491 (1951)0 

coaxial line with the stratifie·d medium, was found 
to he in satisfactory agreement with experiment6. 
In addition, a detailed theoretical analysis was 
carried out for this type of transmission line 7,8 •. 

In a study of the electromagnetic properties of 
stratified media, I obtained in 1949 the results 
reported below. (These results are partly con­
tained in Sec. 3 of a work 10 published later, where 

they were obtained by another method.} 
The subject to he considered is the "macro­

scopic" electromagnetic properties of a medium 
that consists of alternate layers of arbitrary homo­
geneous materials. We suppose that there are 
alternate plane layers of two substances with 
complex permeahilities l 1 , p:1 (layer thickness a) and 
f2, fl2 (layer thickness b). We are interested in 
the field averaged over the period d = a+ b of 
such a stratified structure. The introduction of 
this average fi~lod evidently has significance only 
u_nder the condthon that, along any arbitrary direc­
tion of propagation, its change in a distance of 
order d is sufficiently small. Quantitatively this 
condition can he formulated thus: ' 

kdlnl~ I, {l) 

where k = (J)/c = 2rr/A, and n is the effective index 
of refraction of the medium, different for different 

* References 5 and 7 are reviewed in Uspekhi 
fizicheskikh naukfl, hut regrettably without mention of 
reference 3--work done considerably earlier, and based 
o~ c;onsiderations similar to those enunciated by Acade­
miCioan N. D. Papaleksia with reference to a quasi-
sta~IOnary system (a laminated core, the dimensions of 
whiCh are small in comparison with the wavelength in 
the SUrrounding space). 
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S. P. Morgan, Bell Syst. Tech. J. 31 883 1121 
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9 E. F. Vaage, Bell Syst. Tech. J. 32, 695 (1953). 

Usp. Fiz. Nauk 49, 325 (1953). 
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directions of propagation and for different polari­
zations. As is shown below, for sufficiently long 
waves the effective properties of the medium are 
especially simple. That is, the inhomogeneous 
isotropic medium under consideration then behaves, 
with respect to the average field, like a homo­
geneous. but anisotropic medium, i.e., the effej::tive 
permeabilities fe, p.e are singly degenerate 
tens:>rs. This limiting transition to sufficiently 
small d/A. is analogous to the transition from x­
rays to ultraviolet and longer waves in the case 
of crystals. The possibility of artificially con­
structing anisotropic materials of the indicated 
type and of varying their electromagnetic proper­
ties is likely to be of greater interest for "opti­
cal" centimeter waves than is their application 
merely to the decrease of losses in transmission 
lines. 

From the symmetry of the problem, it is clearly 
sufficient to consider three cases of ware propa­
gation: propagation in a direction parallel to the 
la~rs, for two polarizations (with either the elec­
tric or the magnetic vector parallel to the layers), 
and propagation in a direction perpendicular to the 

layers. 
We take the z axis of a rectangular coordinate 

syst611 perpendicular to the layers. The intensi­
ties of the true (quasi-microscopic) field in the 
material of the layers we will represent with 
e and h, the average over a period d, by a line 
above. 

PROPAGATION ALONG THE x AXIS; e DIRECTED 
ALONG THE y AXIS 

In this case we have the following equation for 
the nonvanishing components e = e, h", and hz 
of the q.Iasi-microscopic field (Fig. l ): 

iJe 'k h oz = t f£ _,., 
(2) 

Oe 'k h Oh X iJh~ 
ox=- t f£ z, az- iJx~ = ik se, 

"(here the permeabilities f, p. are periodic func­
tions of z, taking alternately the values f 1 , h 
and f 2 , p.2 • We seek a solution, periodic in z 
with period d, in the form 

e = U (z) e-ikn:r:, hx = V (z) e-il&nx, (3) 

hz = W (z) e--iknx. 

Substitution in Eq. (2) gives 

dU "k W - = t ll dz r ' nU.= p. W, (4) 

~~ + ikn w = ik e u. 

If f and p. were continuous 
functions of z, then it would 

!J be possible immediately to 
apply to the ordinary Eq. (4), 
in the case of small d in 
which we are interested, the 

.r theorem of Fatou 11 on the 
~---;-!--=------ approximate solution of an 

equation with rapidly oscil­

FIG. 1. 
lating periodic coefficients. 
Since in our problem the con-

ditions of Fatoti's theorem are not satisfied, and 
also to avoid premature commitment to the case 
of small d, we will start from the exact solution of 
Eqs. (4): 

U = A cos oc1z + B sin oc1z, zca, 

oc1 =kVni-n2 , (5) 

W = ~ (A cos oc.lz + B sin oc.1z), ni = e1 p.1, 

U = C cos oc.2z + D sin ~z. z c b, 

V =- "k(X2 (C sin oc.2z- D cos oc.2z), 
' !L2 

oc.2 =k V n~ --n2, 

W =:a (C cos oc.2z + D sin oc.2z), n~ = e2p.2. 

On this solution must be imposed four conditions 
of continuity and periodicity of e and h" (i.e., 
U and V) with respect to z : 

(6) 

U(+O)= U(-0), U(a-0)-:-U(-b+O), 

V(+O) = V(-0), V(a-0)= V(-b+O). 

On substituting Eq. (5) in Eq. (6), we get for A, B, 
C and D the four homogeneous equations 

C =A, C cos oc.2b- D sin oc2b 

= A cos oc.1a + B sin oc.1a, 

D = xB, C sin oc.2b + D cos ~b 

=- x (A sin oc.1a- B cos oc.1a), 

where 

(7) 

(8) 

11 P. Fatou, Bull. de la Soc. math. dp France 57, 98 
0928); L. Boltzmann, Wiss. Abh. I, 43 (1909). 
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On equating to zero the determinant of the system 
of equations (7), we get the following dispersion 
equation, determining n as a function of k: 

( 1 + x2) sin (l1a sin (l2b (9) 

By solving this equation for K, it is not difficult 
to reduce it to the following combination of two 
equations: 

rx.2b { tgT -x, 
--= 

a.la 
tgT -1 jx. 

(lO) 

With the aid of (5) we compute the mean values, 
over the period d, of U, V and W. If in addition we 
use the values of the ratios A:B:C:D from (7), and 
the expression (8), we get the following expres­
sions for the ratios of 1J and V to W: 

where 

V e fL1 oc~ - f1.2oc~ 
W = hz = n(oc;-rx.~) ' 

V hx 
·w = lzz = 

(1/f.LI)- (1/f1.2) p 
k2 [(1/oci)- (1/ oc;)] ' 

P- U(a-0)-U,(+O) 
- V (a - 0)- V ( + 0) 

(11) 

(12) 

_ ik!l-1 1 xtg(ot1aj2)+tg(~b/2) 
--~ tg(oc2b/2) x tg(oc2bj2) + tg(oc1aj2)' 

According to Eq. (lO), P is either zero [if the 
roots of the top equation (lO) are taken for n] or 
infinite (for the roots of the botton equation). 

In the first case the structure of the quasi­
microscopic field is this: e and h are distributed z 
in each layer symmetrically about its middle, i.e., 
they are even functions of z - a/2 in layer l and of 
z + b/2 in layer II. The longitudinal component 
h", however, is odd, so that the mean field is a 

tran!Wtrse wave (h = 0) with intensities e and 
h ·" 

z' 
In the second case the picture is the direct op-

posite: hr. is even, e and hz odd with respect to 

the middles of the layers; consequently, the mean 
field has only the component~· It is easy to see, 

however, that this case is not compatible with the 
condition of slow change of the mean field over 
distances of order d. For the space between the 
middles of the two layers, e.g., between -b/2 and 
a/2, can be regarded as bounded by perfectly con­
ducting planes, since on them e = h = 0. But in 

" such cracks ·of thickness d/2, for arbitrary permea-
bilities fl' p. 1 and £ 2 , p.2 of the "packings" be­
tween the perfectly conducting walls, the whole 

wave with >.. > d/2 will be extinguished in the x 
direction in distances at most of order d/ 2rr. Thus 
for the mem field in a stratum of the medium, the 
second case never satisfies condition (1) and 
therefore is of no interest. 

In the first case, in order that the mean field 

intensities E = Ue·iknx and H = We·iknx 
y z may 

satisfy Maxwell's equations 

oE 
_Y =- ik ueH oHz t'k e£ 
OX r z, iJ:c = - S Y• 

(13) 

it is necessary to define the effective permeabili­
ties ie and p.e by- the equations 

n = .. ~- y- 11. u E re -· 
y e;-f'-, Hz - 7 = W' 

Hence, using (11), we get 

(14) 

where n is the root of the upper equation (lO), i.e., 
of the equation 

(15) 

PROPAGATION ALONG THE x AXIS; h DIRECTED 
ALONG THE y AXIS 

The equations for thequasi-microscopic field 
which in this case has components e e and ' 
hy = h (Fig' 2 ), are as follows: "' z 

oh 'k oh 'k oz =- t e:e_~, ox = - t e:ez, 

oex iJe 
z 'k iJz -ax-= -t f.l.h, 

and the conditions of continuity and periodicity 
at the boundaries between the layers are imposed 
on h and e". Evidently all the formulas relating 
to the present case can be obtained directly from 
the formulas of the preceding paragraph by chang­
ing h, e, f, fl to e, -h, p., l, respectively. Here 
also there are two possible structures of the 
quasi-microscopicfield. One of these does not 
give a mean field satisfying condition (1), since 
the corresponding microfield is rapidly ex­
tinguished in equivalent slots between the middles 
of the layers. Here these middle planes can be 
regarded as surfaces of an ideal magnet, for on 
them h = e z = 0. The other structure of the micro­
field leads to a mean field that forms a transverse 
wave with intensities E = e and H =h. This z z y 
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mean field satisfies Maxwell's equations: 

iJH 
_Y = ikeeE O.X z, 

(16) 

where fe and p.e are given by the formulas 

2 2 2 2 
e- El~2-E:2(1(1 (1(2-(1(1 

e .. e = n,2 --=--~- (17) - 2 2' r 2 2' 
(1(2- (1(1 El(l(2- E2otl 

obtained from (14) by the change indicated above. 
Eq. (15), correspondingly changed, determines the 
value of n: 

(18) 

The transcendental equations (15) and (18) in 
the general case do not permit expression of n in 
explicit form in terms of the parameters of the 
problem. Therefore, condition (1), for the slowness 

z of change of the mean 

a 

ex 

field, is also incapable of 
exhibition in a more ex-

• plicit form. It must be 
emphasized, however, that 

.r in the two cases con­
-d~f------- sidered (propagation along 

FIG. 2. 
the layers) condition (l) 
does not necessarily imply 
that the changes of the 

quasi-microscopic field across the thickness of 
the layers are small. The correctness of Eqs. 
(14), (15) and (17), (18) is by no means connected 
with this last, more severe condition. To clarify 
this remark, we apply these formulas to the case 
considered in reference 3, in which layers of iron 
(thickness a, £ 1 =- i4 TTa/w, nj =- 2i/k282, 

where a is the conductivity and 8 is the skin 
depth) alternate with layers of an ideal dielectric 
(thickness b, p. 2 = 1, £ 2 = n~). 

If the vector e is parallel to the layers (formulas 
(14) and (15) ], then propagation along the layers is 
impossible, i.e., the microfield, and consequently 
also the mean field, dies out along x in a distance 
of order d. For, taking into account that a and 
b >> 8, and assuming in advance that In I« In 1 I, 
we have 

ala- ka-v 2 2 ka a v--i-
2 - 2 nt - n :::::::: 2 ni = "F - 2 ' 

so that 

(19) 

Then from (15) 

from which it is clear that a. 2b differs from TT by a 

quantity of order h 8/b. Neglecting this correc­

tion, we set a. 2b = TT, i.e., 

ot2 = k V n: - n2 = 1e f b, 

and since n~ = £ 2 « TT 2/ k 2b2 , 

n:::::::-i1ejkb. 

Thus the propagation factor has the form 
exp l- iknx I = exp l - rr x/ b I, and condition (1) is 
not satisfied. 

If, however, the vector h is parallel to the 
layers [formulas (17) and (18) ], then, using (19), 
we get from (18) 

from which it is evident that I a. 2b I is very small. 

Therefore, replacing the tangent by its argument, 
we find 

whence 

That is, the mean index of refraction is close to 
the index of refraction of the dielectric layers, 
and the extinction of the mean field in the x di­
rection proceeds very slowly (over distances of 

order 2b/ h YS k 8 ), despite the rapid change 

of the microfield over the thickness of the layers 
(8 «a). Using the expression already written for 
a.~ and n 2 and the expression a. j =- 2 i/ 82 , we 
get from (17) 

e _ !1-1 + (1 + i) (b /28) 
p.- i+(f+i)(b/28) 
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This expression for the effective magnetic permea­
bility agrees with that obtained in reference 3 [Eq. 
(14) ]. 

We now derive formulas that hold in the case 
of sufficiently long waves, for which I a. 1 a I 
and I a. 2b I « l. Replacing the tangents by their 

arguments in (15) and (18), we get from (15) and 
(14) 

n == veep:e, se = s, ,...e = p., (20) 

where 

~ = [ =(a I !Lt) + (b I !l-2) (21) 
fl. !J. a+b ' 

and from (18) and (17): 

where 

A more precise evaluation--with account taken 
. of cubic terms in the expansion of the tangents in 

(15) and (18)--shows that the correction terms in 
the effective permeahilities are of order k 2d 2 • For 
example, the expressions for fe and p.e in the case 
of e parallel to the layers, with the indicated cor­
rection, are 

e =- [] + k2a2b2 ~li ( 2 - 2) el - e2 ] (24} 
s s . 12d2 nl n2 ' !l-1!l-2 e 

- [ k2a2b2 ~[12 ] 
fle = !1. 1 + 12d2 22 (n~- n~) (!11- f1s) . 

[1.1 {J-2 

Replacement of f and ttby fl. and £ in (24) gives 
the expressions for / and p.e in the case in which 
the vector h is parallel to the layers. 

Formulas (24) are valid provided the correction 
terms are small; the latter, unlike condition (1), 
contain differences of parameters describing 
properties of the layers. Consequently, if the 
parameters of one of the materials are not vastly 
different from the parameters of the other, then 
the applicability of (24) will he subject to less 
stringent limitations than that of condition (1). A 
different situation may he encountered in those 
cases in which the parameters of the two 
materials are significantly different (in absolute 
value), as is the case in the example considered 
of a laminated iron core. Here formulas (24) and 
analogous formulas for the other polarization 
will he valid only provided 

that is, when there is sufficiently small change 
of the microfield over the thickness of the iron 
sheets. 

PROPAGATION ALONG THE z AXIS 

The microfield e = e, h = h (Fig. 3) satisfies 
" y 

the equations 

de 'k h dh "k (ii = - t !1 , dz = - t se. (25) 

With continuous £( z) and p.( z ), it would he 
possible to conclude at once, on the basis of 
Fatou' s theorem 11, that for d-+ 0 the solution of 
Eqs. (25) would approach the solution of the same 

z 
equations with average 
permeahilities 7 and P.*. A 
rigorous solution shows 
that this result remains 
valid also in the case 

e .:r under consideration of dis-
---7''-;-l------- continuous f and p.. Never­

FIG. 3. 

theless, since we shall he 
interested in the ma~itude 
of the correction to f and 

P: in the effective fe and 
p.e, here also we shall carry out an exact ele­
mentary calculation, following a methoa intro­
duced by Levin 4 • 

According to a theorem of Floquet 12 , the solu­
tion of Eq. (25) has the form 

e = U (z) e-iknz, h = V (z) e-iknz, (26) 

where U and V are periodic functions of z with 
period d. If we integrate Eqs. (25) directly for 
each of the layers and compare the results with 
(26), we get 

* We notice that, on elimination of h (or e) from (25), 
we get for e (or h ) an equation of second order; applied 
to it,_ Fatou's theor~ g~es for the mean index of re­
fractton the value n = ifL, while from (25) it follows 
that n2 = "'iji. This discrepancy is due to the fact that 
the transformation to a second-order equation is tied 
up with a differentiation of one of the equations (25); 
and the derivative of the approximate solution is not 
equal to the limit for d-+ 0 of the derivative of the 
exact solution. Therefore, for getting an approximate 
e and h, the transformation to a second-order equation 
is not permissible. 

12 ' 
. G. Floquet, Ann. Ecole Norm. 12, 47 (1883); 

Whtttaker and Watson, Modem Analysis (4th ed., 
Cambridge, 1940 ), p. 412. 
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U = eiknz (Aeicx,z + Be-i«,z), zca, 
V = _ ...!:!._ eiknz (Aeicx,z _ Be-l"',z) 

k~ , cx1 = kn1 = k Jf e11.t.1 , 

zcb, 

(27) 

u = eiknz (Celcx,z + De-icx,z), 

V = _ ~ eiknz (Ceia,z _ De-i",z) 
k~ , cx2 = kn2 = k Jfe2p.2 • 

Imposing on U and V the conditions of continuity 
and periodicity, which here also take the form (6), 

we get four homogeneous equations for the 
constants of integration: 

C+D=A+B, 
e-iknb (Ce-ia,b + Deia,b) = eikna (Aeia,a + Be-i",a), 

c- D = X (A -B), (28) 

e-ihnb (Ce-ia,b _ Deia,b) = xei~<na (Aeia,a _ Be-i",a), 

where 

(29) 

Setting the determinant of the system (28) equal 
to zero gives the dispersion equation, which 
determines n: 

(30) 

In contrast to the two cases considered earlier, 
now, when the propagation occurs in the direction 
perpendicular to the layers, slow change of the 
mean field is possible only on condition that the 
microfield also changes only slightly over the 
thickness of the layers. In other words, condition 
(l) can be realized only when the waves are so 

long that I cx. 1a I and I ex. 2b I « 1. If, on this as­

sumption, we keep terms of no higher than the 
first order in k in calculating the mean values 
over a period, we get for the ratio of TJ to 17 

where i and ii have the same meaning as in (21) 

and (23). To the s!llle degree of exactness, n is 
obtained from Eq. (30) in the form 

n= V&iL, (32) 

that is, the correction to n is of second order in 
kd ( cf. reference 4 ). 

If we require that Maxwell's equations 

iiEx . eH 
az=-tkp. Y• 

iJH 
_Y=-ikee£ OZ X• 

(33) 

shall hold for the mean fields E,. = e and Hr = 7i, 
we must determine r and /le from the conditions 

n= yeep.e, 

whence 

ee=nV / V, 

Substituting here (31) and (32), we get 

(34) 

The validity of Fatou's theorem is evident from 
this: with diminution of kd we arrive at the simple 
mean of the coefficients in Eqs. (25), i.e., .. 

(35) 

THE CASE OF LONG WAVES 

Let kd be so small that the correction terms can 
be neglected both in (24) and in (34). The cor­
responding conditions take the following form, if 
we introduce the notation 

(36) 

'i}:ji: = a(.L1 + b(.La = Q 
!Lt(.La a(.La + b!L1 ' 

kabfd=R. 
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For propagation along the layers with e parallel 
to the layers: 

R' I ) 2 2) EJ - e:a I ~ 1 12 <\:.(nl-nz --i- ~ ' (37a) 

~ l Q2 (n~- n;) lLI iL lLa I <t:: 1 • 

For propagation along the layers with h parallel 
to the layers: 

In this speeial case it is particularly clear that 
satisfaction of these inequalities still does not 
imply satisfaction of condition (1), which for the 
directions of propagation and of polarization con­
sidered takes the form: 

kd, .. flLtfLale:J+e:2)1<1, (39) 
V fLt +[La 

. d I v£2E~(iJ-t + fL2) I< 1, 
ll El + Ea 

k:-1 V(sl +sz) (I-Ll+ 1-Lz) I <t:: 1. 
Considering conditions ( 37 a, b, c) satisfied 

and gathering together Eqs. (13), (16), (20), (22), 
(33) and (35), we get 

e e - ae:l + he:a 
sl = sz = s = a + b ' 

e - e - - - a[Ll + b[La 
f-L1 - 1-Lz - 1-L - a+ b 

Thusin its "optical" range, the medium under con­
sideration has the properties of a uniaxial crystal 
with optic axis perpendicular to the layers, and 
with normal surface consisting (for real f 1• ll1• f 2, 

p. 2 ) of two ellipsoids of revolution (Fig. 4 ). 
From the expressions (40} it is clear that, de­

pending on the relations between the layer thick­
~esses a and b and the absolute values of the 

R2 I pz (nz - n2) e:I -: e:~~ ~ 1 ' 
1-2 1 2 E 

(37h) 

Ra I p (n2 - nz) lLI--:: lLaj <t:: 1. 
12 1 2 [L 

For propagation perpendicular 'to the layers: 

!i I fLie:a- [LaEJ I <t:: 1. (37c) 
4 v--£[L 

If, in particular, a "" b "" d/2, then P "" Q "" 1, 
R ""kd/4, and conditions (37 a, b, c) take the 
quite simple form 

iJEy -
7fi" =- ik!-LHz, 

iJHY • -
iJx = tksEz, 

iJE_" • -
-= -tkiLHy 
j)z r ' 

iJHz • -a;-= -tkeEy, 

iJEz • -
7fi" = tkf-LHy, 

iJHY -
7fZ = - ikeEx. 

(38) 

It is not difficult to see that these equations be­
long to the general system of Maxwellian equations 
for a medium whose permeabilities are described 
by singly degenerate tensors with coincident prin­
cipal axes and with principal values 

e - e:1e:2 (a +b) 
sa = e = ae:2 + be~ ' 

e _-~ lLJlLa(a +b) 
1-Ls - 1'-- a [La + b[L1 ' 

(40) 

permeabilities, there are possible very different 
combinations of values of the effective perme a­
bilities and, correspondingly, different degrees 
of anisotropy, dichroism, etc. 

We shall express f and p. in terms of the real 
permeabilities ( ', p. 'and the tangents of the loss 
angles 

sk = s~ (1 - i tg ak), 

-e = e' (1-itg s). 
; = ;' ( 1 - i tg 8)' 

I-Lk = 1-L~ (1 - i tg "( k) 

i=r;;' (1-itgr). 
~ = ~' (1 - i tg 1>. 

(k= 1, 2), 
{41) 



ELECTROMAGNETIC PROPERTIES OF A FINELY STRATIFIED MEDIUM 473 

z 

.r 
0 c 

vtp 

FIG. 4. 

Neglecting squares and products of the tangents of 
the loss angles, we get from (40) and (41) 

~ ae:~ +be:~ 
el = _::.....,--=-::::..... 

~, = 

a+(3 

e:~ e:~ (a+ b) 

ae:~ + te:~ 

" ae:~ tg 81 + be:; tg a2 
tg 0 = -=----7---..:;:..--=-

ae:~ +be:; 
tg a= ae:~ tg 81 +be:~ tg 82 

ae:; +be:~ 

(42) 

and analogous formulas for the magnetic quanti­
ties. 

Figure 5 illustrates the behavior of f' and £' as 
functions of a. On the graph is indicated the value 
corresponding to the maximum value of the differ-

- "" 
ence £'- £', and this latter value itself is given. 
In Fig. 6 the dependence on a is .shown for tg 8 

"' and tg 8, on the assumption fl > £~, for the cases 
tg 82 > tg 8 1 (solid curve) and tg 82 < tg 8 1 (dot­
ted curve). 

To the same degree of approximation as in 
formulas (42), the following expressions are ob­
tained for the principal indexes of refraction, 

which we write in the usual form yf" !le = nU-iK). 
With propagation along the optic axis (the z axis), 

n = V-;1 ~', x = tg S+ tgy (43a) 
2 

tg6 'Z _Lt--.,. 
v _,• 

tgl 
~I/ 

"' ,/ 1\. 
n . ......, 

I tg 5 
0 

..::., ... 

... ~- tg 61 

' \} 

' ~· 
X 

/ _\ 
l)tg 

~- A 
.......... ~ tg 5z 

d a 

FIG. 6. 

With propagation perpendicular to the optic axis: 
for the ordinary ray (E parallel to the layers), 

n = y;, ~, ' )( = 1/2 (tg a+ tg r); (43h) 

for the extraordinary ray ( E perpendicular to the 
layers), 

n= v~~~'. (43c) 

For illustration we give a numerical example. 
We suppose that layers of a ceramic or titanate 
alternate with layers of paraffin. For wavelength 
A = 6 em we have 

Titanate: fl = 200; tg8 1 = 0.006; 

Paraffin: £~ = 2.25; tg 82 = 0.0002. 

Let a = b = d/2*. Then. the third (most stringent) 
of the conditions (38) gives 

kd « 0.58, i.e., d « 0.55 em. 

Thus when d = 1 mm, formula (40) may he con­
sidered valid. From (42) we get 

;I= 101, tg8 = 0.006, 

;~ = 4.5, tg a= o.oo26. 

From this it follows that for the ordinary wave the 
index of refraction (uniform in all directions for a 
magnetically isotropic medium) is n = 10, and K 

= 0.003; i.e., the ordinary wave decays by a fac­
tor e in a distance 1/k Kn = 32 em. For the extra­
ordinary wave, the second principal index of re­
fraction is n = 2.1, and K = 0.0013, which gives 
1/kKn = 347 em. 

* The maximum anisotropy would correspond to 
a= 0.87 d. 
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Obviously, in the range of values of the para­
meters in which Maxwell's equations hold for the 
mean field, with the effective permeahilities (21) 
and (23), the losses per unit volume of the medium 
can he calculated with the usual formula, derived 
directly from the averaged equations. But if con­
ditions (37 a, h, c) are not satisfied, then the 
relations between means and mean squares become 
complicate<l, and the value of the losses can he 
found only by averaging of the true expressions for 
the heat generated, as is done in particular in ref­
erence 3. J<:::quations (5) and (27) for the ampli­
tudes of the quasi-microscopic fields make possi­
ble the canying through of this type of calculation. 

BOUNDARY CONDITIONS 

When conditions (37) are satisfied, the strati­
fied medium obeys Maxwell's equations with the 
tensor permeahilities £e and p.e [cf. Eq. (40) ]. In 
this case the boundary conditions, on a surface 
arbitrarily oriented with respect to the optic axis, 
can he obtained from Maxwell's equations them­
selves by the usual passage to a limit; they con­
sist, as always, in continuity of the tangential 
component~;~ of the intensities E and H and of the 
normal components of the inductions D and B. H 
we represent by subscripts e and i the external 
and internal mean fields, and by n the unit vector 
normal to the boundary surface, we get 

[n, E,.] = [n, Ei], 
(n, De) = (n, Di), 

[n, He]= [n, H;], 
(n, Be) = (n, 8;), 

where D i and Bi are related to E1 and H1 by the 

tensors c and p.~ : 

Dt = ee Ei. Bt = p.e H;. 

In connection with these conditions, the follow­
ing doubt may arise. The fields E. and H. inside 

' ' the medium were obtained by averaging not all 
solutions of the equation for the microfield, hut 
only those that lead to a transverse wave. The 
basis for rejecting the other solutions [for ex­
ample, those corresponding to the lower Eq. (lO) ], 
for e parallel to the layers, was that they decay 

. rapidly, in distances of the order of a period of the 
structure. But in the problem of boundary condi­
tions, when theorems about flux or circulation are 
applied to a surface or contour arbitrarily close to 
the boundary surface, the argument mentioned loses 
its force, and there is no justification for assert­
ing in advance that these decaying fields will not 
enter into the boundary conditions. That they 

actually do not enter can he shown as follows. 
Any component of induction or of intensity of the 

microfield, either on the outside or on the inside 
face of the boundary, must he approximately 
periodic along the boundary, with the period of the 
structure on it. Let the boundary he a plane con­
taining the y axis and inclined to a layer at angle 
cp (Fig. 7 ). Then along the boundary, i.e., along 

the Tf axis, the 
z period will he 

equal to d' 
= d/sin Cf4 Thus 
the component 
of induction or in­
tensity under 
consideration, for ,_....l,jl;.....--------;-- example e can 

X y' 

FIG. 7. 

he expanded in a 
Fourier series in 
coordinate Tf with 
period d '; the co­
efficients also 
vary as functions 
of Tf, hut slowly -
with a period »A: 

2~~ . 2~~ 
ey = a0 + al cos y + ... + b1 stn l.i' + ... 

If d 'is small, not only in comparison with .>.., hut 
also in comparison with the shortest wavelength in 
the medium, i.e., 

(45) 

d' = _d_ < A or I kd In lm ax< sin <p, 
sin q> In !max ' 

then averaging over the period d 'gives 

- (d') ey =Ey=a0 +0 T, 

that is, upon such averaging of the boundary con­
ditions for the microfield, all rapidly oscillating 
terms practically drop out. However, decaying 
fields are excited in the medium, thanks to these 
same rapidly oscillating terms in the resolution of 
the field on the boundary. ·In the outside region 
this is immediately obvious, since there we have an 
ordinary homogeneous medium. As for the inside 
region, if condition (37) is satisfied it likewise he­
haves like a homogeneous (though anisotropic) 
medium; and for d '.<A/ I nl the boundary field 

max ' 

oscillating with period d ', creates decaying waves 
in it also. 
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This reasoning and condition (45) show, to­
gether with this, that the case of small cp is ac­
tually peculiar. In this case, i.e., when 
kd\ n I > sin m the periodic structure on the max- T" 

boundary represents a coarse "grating", giving 
not only decaying waves, but diffracted waves that 
propagate (in the reflected field outside the 
medium, such waves appear only when kd :_sin cp). 

As cp decreases, the angles of diffraction, counted 
from the maxima of order zero (which correspond 
to regular reflection and refraction), will decrease; 

and in the limit for cp = 0 (boundary parallel to a 
layer), such secondary waves will again not exist. 
Thus the averaged boundary conditions (44) are 
useful when condition (45) is satisfied, i.e, when 
the cut is not too oblique. Practically, such 
oblique cuts are of scarcely any interest. 
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