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+ ~ = 3t oc2 (~) 132 (~) d (~), 

__!_ doc = Jf!_ oc2 (~) (32 (~) d (~), 
oc d~ 4n: 

_1 dd (~) = _ Jf!_ oc2 (~) (32 (~) d (~). 
d d~ n: 

(lO) 

The boundary conditions for {3, ex. , d are equal to 
logarithmic accuracy, namely ex. (0) = f3 (0) = d (0)=1 
and it follows from Eq. (1 0) that: 

(3 (~) = oc-•/, (~), (11) 
d(~) = oc-4 (~), 

a(~) = ( 1 - ~~2 ~ )"'. 

With the aid of Eq. (11) it IS easy to find the 
relationship in this approximation between the 
primed charge gprim and the renormalized charge. 

Actually, it is known that 

(12) 

or 

g2 =lim [ g2 . / {1 + Sg~rim In ( _ !!.._)}] . 
L-+-<XJ pru~ 4n: m2 

(13) 

It is evident from Eqs. (12) and (13) that, at least 
in our approximation, no matter what kind the 
primed charge g . is, the experimental charge is 

J!_rlm 
equal to zero. This explains the fact that the 
solution of Eq. (11) at a finite g 2 changes sign at 
high momenta; moreover, a fictitious pole appears 
in d (g), although, according to the formal general 
properties of the theory, d (g) cannot become 
negative at large g. 

One can easily become convinced that, if we 
substitute for g 2 its value which follows from 
theory in this approximation, then d (g), as one 
would expect, does not change sign; however, the 
primed charge at L-:- oo is completely shielded, 
and g 2 becomes equal to zero. The resultant dif
ficulty, inherent in contemporary theories with 
point interaction, will be discussed in more detail 
in a separate paper. 

1 A. A. Abrikosov, A. D .. Galanin and I. M. Khalatni
kov, Dokl. Akad. Nauk SSSR 97, 793 (1954) 
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J T is known that the electromagnetic field of a 
wave traveling in an inhomogeneous magneto

active medium (the ionosphere), generally speaking, 
cannot be represented by the superposition of 
independent extraordinary and ordinary waves. A 
consideration of the inhomogeneity of the medium 
leads to the conclusion that during the propagation 
of waves of one type in the medium, waves of 
another type appear. Strictly speaking, this inter
action exists over the entire extent of the inhomo
geneous medium; however, under ionospheric con
ditions (a slowly changing medium) the observable 
interaction appears only in limited regions, outside 
of which it is exceedingly slight. It is essential 
to speak of a division of the field into ordinary 
and extraordinary waves only under conditions of 
slight interaction. As a result of this it is pos
sible to describe these waves in terms of geomet
rical optics; the interaction itself defines the very 
special nature of the field in regions of slight 
interaction separated by a region of considerable 
interaction. 

With normal incidence of an electromagnetic 
wave upon a plane, laminated, ionized medium 
located in an external magnetic field, the strongest 
interaction between extraordinary and ordinary 
waves is observed during quasi-longitudinal pro
pagation, when the angle between the direction of 
propagation and the direction of the external field 
is small. This interaction, which in the ionos
phere produces the so-called multiplication of 
signals effect, can be explained in the following 
manner. The ordinary wave falling upon an inhomo
geneous layer reaches the region where the index 
of refraction of the ordinary wave n 1 (z) and that of 

the extraordinary wave n 2(z) are very close in 
value. In this region intense interaction of the two 
types of waves takes place; as a result of this 
interaction, an ordinary wave partly penetrates the 
region of imaginary values of n 1 (z) as an extra
ordinary wave; here the index of refraction of the 
latter n 2(z) takes on real values and it is partly 
reflected as an ordinary wave. A wave of the 
second type passing through the region of inter
action is reflected from a superincumbent region of 
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zero values of the function n 2(z) and on again pas
sing through the region of interaction returns to 
the receiving point in the form of ordinary wave. 

A calculation of this interaction in a nonabsorh
ing medium was first conducted by Ginzburg for two 
extreme cases: the first, when an ordinary wave 
passes almost entirely through the region of inter
action (its coefficient of reflection R 1 is small); 

and the second, when I R 1 I is near unity and the 
coefficient of passage of the extraordinary wave 
D is small (see reference l, §79). The influence 
of absorption on the penetration effect is discussed 
in detail in the work of Rydheck 2• 

Application of the method of solution proposed 
in reference 3, which is devoted to the question of 
inelastic colllsio~s between atoms, permits us to 
solve this problem fully to some approximation. 
The method indicated makes it possible to find an 
asymptotic representation of the particular solution 
which describes the real process of propagation of 
the waves in the medium at relatively great 
distances above and below the region of interaction. 
It then turns out that the ordinary wave falling 

upon a layer in the region of interaction produces 
a reflected wave of the very same type having a 
coefficient of reflection 

and its penetration of the region where n; > 0 
characterized by the coefficient 

(l) 

(2) 

In formulas (l ), (2) the real value of o0 is defined 
by the integral 

~o=-i~~ ndz)-ndz) dz, (3) 
c 'j" 4 

where the integral is taken around a closed contour 
encircling two particular points of the integrand at 
which n 2 = n 1 ; it is assumed that the ordinary 
wave decreases in the direction of positive z. 

It should be noted that if the path of integration 
in Eq. {3) is taken along the line connecting the 
points where n 2 = n 1 , Eq. (2) will give the 
expression for the coefficient of penetration 
obtained in reference l by an entirely different 
method, the applicability of which is limited to the 
case of small values of D 2 (o 0 » l). 

A study of Eqs. {2) and (3) shows that they are 
applicable also in another limiting case: where 
I D 2 1 ,. l !lhd I R 1 I is small. With strong penetra
tion (o 0 « l ) Eqs. (2) and (3) give 

(4) 

and a calculation of the integral (3) under these 
conditions shows that these approximations of the 
coefficients of (4) fully coincide with the 
corresponding formulas obtained in reference l by 
a different method, in which the assumption of a 
small value for R 1 is used from the very beginning. 

In our solution, moreover, we were able to 
compute the extraordinary wave arising as a result 
of the interaction. This wave is propagated in the 
direction of the pole of the function n; (z). The 
·Coefficient of reflection of this wave turns to be 
equal to 

IR21 = r 8 • V1-e-Z8•. {5) 

.As is easily verified, the computation of this coef
firient reduced to the satisfying of the relation 

IR1I2 + IR2I2 + ID212 = 1. 

In this manner the additonal absorption of the 
electromagnetic wave mentioned in reference l is 
connected with the appearance of the extraordinary 
.wave which is then propagated in the direction of 
the sharp increase in its index of refraction and 
completely absorbed by the medium. 

The phenomenon of complete absorption of this 
wave becomes more graphic if we consider the 
thermal movement of electrons. In reference 4, 
treating the kinetic energy of plasmic waves in an 
homogeneous plasma located in.~ mall:netic field_, it 
is shown that under these cond1t1ons the pole ot 
the function n 2 (z) approaches infinity, although a 
sharp increas; of the function itself is also 
maintained. Moreover, it turns out that in a 
consideration of the thermal movement of electrons 
the functions ni (z) and n;(z) are only negligibly 
distorted in the region of interaction. Conse
quently, the solution obtained without considera
tion of the thermal movement of electrons can he 
immediately extended to the more interesting case 
in which the possibility of the emergence of 
plasmic waves during interaction is considered. In 
this connection the extraordinary wave moving in 
the direction of the larger values of the function ni (z) acts as a slowly moving plasmic wave, the 
energy of which in a finite medium is expended in 
heating the plasma. 

Finally, we note that, on the strength of the 
interaction, the reverse transformation of plasmic 
waves into electromagnetic waves, is also possible; 
this leads to the possibility of an emission of 
plasmic waves from an inhomogeneous magneto
active medium in the form of electromagnetic 
r.adiation. 
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In conclusion I express my thanks to V. L. 
Ginzburg for suggesting the problem and for his 
assitance in the work. 

1 Ia. L. Al'pert, V. L. Ginzburg and E. L. Feinberg, 
Propagation of Radio Waves, Moscow, 1953 

2 0. Rydbeck, J. Appl. Phys. 21, 1205 (1950) 
3 E. C. Stiicke!berg, Helv. Phys. Acta 5, 369 (1932) 
4 B. N. Gershman, Memorial Volume for A. A. 
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JN Landau's work 1 there was developed a 
hydrodynamic theory of the formation of parti

cles resulting from the collision of high energy 
nucleons. As is known, the resolution of this 
hydrodynamic problem concerning energy spread 
into evacuated space consists of two parts: wave 
motion and a nontrivial solution2. 

As regards the problem of multiple formation, the 
main role in the angular distribution of the 
particles is played by the nontrivial solution 
region, since it is here that the principal portion 
of the entropy of the system lies. The approximate 
solution of the problem of scattering, given by 
Landau, represented an asymptotic expression of 
the nontrivial solution of the scattering section 
remote from the boundary region separating it from 
the moving wave. In Landau's solution the latter 
was completely ignored. Accordingly, the question 
arises as to how far the disregard of the wave 
motion is justified when computing particle angular 
and energy distribution. It is to the examination 
of this problem that the present letter is devoted. 

For the entropy S and energy E of the wave 
h h P. p 

we ave t e express10n: 
cttl 

Sp=nT~V0 ~ spupd(y), (la) 

-~t/l 

cttl 

E=mT~V0 ~ 4/ 3e:Pu;d(y)· 
Xt/l 

(lb) 

Here l is the longitudinal extent of the system at 
the start of the scattering, mT~ 4/3 €. u 2 and 
nT~s u are the densities of the enefg{ and 
entro~/of the wave, T 0 and V 0 are the initial 
temperature and volume of the system, n and mare 
constants. Integration is effected over the entire 
region occupied at the given moment by the moving 
wave, that is to sav. from the boundary line it. 
shares in common with the nontrivial solution 
section x to the leading edge of the wave x = ct. 

It shoufd he noted that the coefficients before 
the integrals in (l a) and (l b) represent respec
tively the complete entropy and energy of the sys
tem. Therefore, the portions of the entropy a. and 
the energy {3 contained in the moving wave will he 
equal to 

E cf/l 

(3 = EP ='; \ e: u2d(x) 
3 j p p l ' 
x,fl. 

(2a) 

(2h) 

where u is a component of the four-velocity of the 
elemenl 

Taking into consideration that u » l and 
making use of the Riemannian solu\ion for a simple 
wave function, we can express €. , sp and up as 
follows P 

e: = [ (ct- x) (c- c0 ) ]2C0 /c 
P (ct + x) (c + c0) ' 

(3a) 

sp = 4f3 r~~Jcf2c, 
ct + x c +co • 

(3h) 

(3c) 

where c is the velocity of light and c = c/,/3 the 
velocity of sound. Substituting (3a), hh) m1d (3c) 
in (2a) and (2h) and introducing a new variable 
z = (ct- x )/l, we obtain for a and ,Bthe following 
evident expressions: 

( )

1/ 1 [(cfc,)-1] 
c-eo 

IX =1/2 C +Co (4a) 




