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The residual electrical resistivity of binary ordered alloys is examined in light of the
many electron theory. It has been shown that the relation between the resistivity and
the composition of the alloy and the degree of order is the same as in the one electron
approximation. The correlation in alloys has also been calculated.

1. INTRODUCTION

THE quantum mechanical theory of the residual
resistivity of disordered alloys was developed by

Nordheim!. The theory of the residual resistivity
of ordered solid solutions was constructed by
Smirnov2 for the general case of binary alloys

of different structure, of arbitrary composition an
degree of distant order. This article also explains
the observations of the experimental dependence
of the residual resistivity p ; on the composition of
the alloy and the degree of 3istant order. In the
calculation of p, in references 1 and 2, two basic
simplifying assumptions were made. In the first
place, it was assumed that the absolute value of
the difference (V4- Vg) of energies of interaction
of valence electrons with the atoms of an alloy of
the first and second type was sufficiently small.
In the second place, it was assumed that the prob-
lem could be solved by the one electron approxima-
tion, i.e., the real system of interacting electrons
could be replaced by a system of noninteracting
electrons, moving in a potential field that is
created by the ionic crystal lattices of the metal
and by the remaining electrons.

The first of the indicated assumptions apparent-
ly is satisfied with sufficient exactness for many
alloys. However, as has been noted repeatedly,
the solution of the many electron problem with the
help of the one electron approximation does not
appear to have a theoretical basis in the case of
metals. Among the results of theoretical examina-
tions, some electronic properties of metals ( for
example, the possibility of passing electrons
through an ideal crystal lattice without scattering,
the appearance of the optical dispersion formula
of metals) agree in the many electron and in the
one electron theories®'* . In the present article,

1 L. Nordheim, Ann. Physik. 9, 607 (1931

2 A. A. Smirnov, J. Exper. Theoret. Phys. 17, 743
(1947)

3s.v. Vonsovskii, Izv. Akad. Nauk SSSR, Ser. Fiz.
12, 337 (1948); Usp. Fiz. Nauk 48, 289 (1952)

4 A. V. Sokolov, J. Exper. Theoret. Phys. USSR
25, 341 (1953)

it is shown that the results in references 1 and 2,
for the dependence of the residual resistivity upon
the composition of the alloy and the degree of the
order, are preserved also in the many electron
theory, if only the assumption about the smallness
of (V4-Vg) is used.
In articles 1 and 2, in calculating p, , the

coupling between the filling up of the various

sites of a crystal lattice by atoms of the alloy was
not taken into account, i.e., it was assumed that
the atoms of the alloy are in a disordered distribu-
tion at the sites of a sublattice of the given type.
In the particular cases of alloys with simple cubic
lattices of stoichiometric systems, the coupling
was studied with the help of the one electron
approximation ® . In the present article, formulas
are developed for the residual resistivity, taking
correlations into account; these are suitable for
alloys of various structures and arbitrary composi-
tion.

2. DETERMINATION OF THE PROBABILITIES OF
QUANTUM TRANSITIONS OF ELECTRONS FOR
CONDUCTION UNDER THE ACTION OF
DISORDER IN THE LOCATION

OF THE ATOMS

We examine the binary ordered alloys A-B with
the Brava-type crystal lattice having two types of
sites in a well-ordered structure. Let us assume
that this alloy was annealed at some temperature ,
as a result of which some equilibrium distribution
of the atoms A and B at the junctions of the crys-
tal lattice was established. Let us examine the
electrical resistivity of this alloy, which has been
quickly quenched to such a low temperature that
the effect of the vibrations of the crystal lattice
of the alloy on the movement of the electrons is
negligibly small, so that one can assume that the
ions are attached to the lattice sites.

For the identification of the stationary states of
the system, strictly speaking, we should have

5S. G. Ryzhanov, J. Exper. Theoret. Phys. USSR 9,
4 (1939)
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solved the Schrédinger equation for all the elec-
trons of the metal in the field of all the nuclei.
Since, however, the inner electrons of the ions of
the metal are bound considerably stronger than the
valence electrons, and since they exist in discrete
energy levels, it is possible to use the adiabatic
assumption. According to this assumption, one
can study the motion of the strongly bound
electrons for given coordinates r, of the conducting
electrons. Afterwards, it is necessary to include
this energy of the strongly bound electrons, which

depends on r; , as a term in the potential ener
of the conducting electrons. It is not possible to

take the strongly bound electrons into account
otherwise. In this case, we mean by strongly bound
electrons, electrons lying in such deep electron
shells of alloy atoms that the shells are practical-
ly unpolarized. All the remaining electrons refer
to conduction electrons. This separation of
valence electrons into a discrete subsystem is
necessary so that it will be possible to formulate
for just these electrons the smallness condition
for the ‘difference in interaction energy of the e-
lectrons with the ions in the lattice of different

kinds:

IVA——VB,NE. (1)
Here the smallness of the parameter ¢ implies
that the solutions of the Schrédinger equation with
the potential energies V , and 7 differ by a small
amount. The equation for a stationary system of
N valence electrons in the ficld of the alloy ions
has the form:

TLZ 2
[MZ’ZZAH'Z V(ri)+§kmi rk|] (2)
X bp(enli)=Epba(...1:...),

h® . -
where — o—- A; is the kinetic energy operator for

the ith electron, V(r;) is the potential energy of
the ith electron in the field of the ions. As a
zeroth approximation, as is customary!:2, we shall
take the state of the system of electrons, which

are in the field of the completely ordered crystal
lattice, consisting of effective ions. In this state,
each effective ion creates a potential equal to
average potential of the ions and alloy, occurring
at the site of the given type. The perturbing func-
tion of the zeroth approximation is determined
from the equation

[_%ZAi + Zv(ri) + %{ﬁi—fa‘;] (3)
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1 ees)e

X Ya(.r.) = Eabh(..ri..)

Equation (3) describes the motion of the system of
electrons in the region of the periodic field V(r,),
creating the effective ions. Using only the proper-
ties of the symmetric transformations, it is pos-
sible, as is known, to reduce the solution of Eq.
(3) to the following form:

% (oo Tiens) (4)

7’

Ne
= 2(—— 1)? Pexp [‘E kiri] Un(...ri...),

P =1

where

NB
peXp [i 2 k,-r,] u,,(. N ¢ )
i=1

results from the function

Ne
exp [ZZ kiri} Up (... T;...) by means of some permuta-
i=1

tions of position coordinates, Z denotes the

summation over all pei'mutationsl,) and (-1) equals
+ 1 for an even number of transformations, corres-
ponding to a given permutation, and equals -1 if
the number of transformations is odd. The func-
tion un(...ri...) remains unchanged for a displace-
ment of all the electrons by the lattice cen stant a:

o) )

g (.tit+a.)=u.(...1;

under the action of the perturbation energy

N, B
V..t = [V () — V)l (6

i=1

the system can change from ¢ 0 to another state,

that is described by the wave = function
dg‘,’,, (l‘,) (7)
Ne
= 2(—— I)P Pexp [i Z k;l‘i] Um ( l'i...).
P iml

The probability of this transition is proportional
to the square of the modulus of the matrix element

Viw = (48 Vithds, . dow, ®)
Ne
= SO (r) AV (1) 24,

i=1
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where

AV (r) = V() — V() ©)

Do (1) = S ‘P(r);* (ry... l'Ne) k‘{(,)n (ry... l‘Ne) (10’)

dTl e d"i—1d"i+1 PR d’tNe.

Owing to the symmetry properties of the wave
functions of the system relative to the periodic
coordinates of the different electrons, the form of
the function ® (r.) is not dependent upon the
number i. Using Eq. (4) and the cyclic conditions,
it is easy to see that

O (r + a) = eiq'acb,,,,, (), (11)

where

q= 2 (ki — K-

i

Consequently, it is possible to introduce @ (r)
in the form

Dpm (1) = €9 Unm (1), (12)
where U__ (r) is a periodic function with period a.

The potential energy of the ith electron V(r;),
as also in references 1 and 2, can be introduced
in the form of a sum of potential energies which
are formed by the separate ions of the alloy,

1% (l‘i) == 2 VXS (ri - Rs - hx),

SK

(13)

where R _ denotes the vector drawn to the first site
of the s th crystal cell, b, is the vector, leading
from the first site of the cell to the site of number
yof this cell, ¥ *°is the potential energy of the
electron in the field of the ion, occurring at the
site of number y of the sth cell, equaling V', or

V. respectively, if atom 4 or B exists at this site.
ﬁle summation in Eq. (13) is carried over all the
sites of the crystal lattice of the alloy. The aver-
age of the potential energy V(ri) equals

v (l',') = va (r; — Rs — hx)’ (14)

where V X is the potential energy of the electron
in the field of the effective ion, denoted by the
site number . This energy is not related to the
number of the cell s.

Substituting in Eq. (8) the Egs. (12), (9), (13),
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and (14) and making in each term the change of
variables
ri—Rs — hx—>l',',

we obtain

Vim = Ne D) exp {iqRy (Vi — V).
X

(15)

Here

Vi = exp tiar}) Ve ) ' (16)

X Unm (l‘: + hy) d";:

Vin = { exp tiqry Ve (ri) (17)

X Unm (ri + hy) d-;,

Rsy = Rs 4 hy is the radius vector of the site
of number y of the sth cell, V*” equals V, __ or
. . nm nm
Vinam depending on which atom occurs at the given
site.
The square modulus of the matrix element |V’ |2
on the basis of Eq. (15), equals

| Vi [t = N2 {2( (A v (8)
xS
X (Vi — Vin)
+ D exp {iq (R — Rys)} (Vim — Vim)

%S+ XS
rgE TE \
X ( )r(im -_ Vnm)j-

The first sum in Eq. (18) specifies the residual
resistivity of the alloy in which there is the ab-
sence of coupling. This is the form of the sum
calculated by Smirnov?. From this the following
results have been obtained:

D (Vi Vi) (Vi — V) (19)
¥s

T As
D A%+ PP D) AL J
%=1 X2=1

= N [pfi)pﬁ)

Here

X X7 xj |2
Anin = l VAnm - VBnm

(20)
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= |§ e [Va () = Vi (O0) U (5 + 1)) B

p(i) is the substitution probability of a site of the
jth kind by an atom «(j=1,2; = =A,B), y; is the
number of the site of the jth kind, and N' is the
number of cells in the crystal lattice. The func-
tion Uy, (r + h,..) is different from Uy, (r) by the

order of magnitude of |V, - Vg | . Therefore, as
also in reference 2, the terms of all the Aﬁ’m are

mutually equal
@1

A% =~ A%, =~ Aum.

correct to the cubic terms in ¥, - Vg . Then Eq.
(19) can be converted to the form:
2 (Vin — Vin) (Vi — Vi) (22)
xS
= NAnm [CICZ —_— 1 V_v 727‘2] ,

as was also done in reference 2. Here N is the
number of sites of the crystal lattice of the alloy,
c, and c, are the relative atomic concentrations
ofl ato K and B in the alloy (¢, +c¢, =1),

n=(p -c, ) /7y is the degree olf distant order,
v is the ratio of the number of sites of the first

kind to the total number of sites:

1—v ¢, Where

_ v
T { Cs where

(23)

C1<V,
> .

¢

The second sum in Eq. (18) equals zero, if
coupling exists in the alloy 2. If it is assumed
that the coupling in the alloy is small, then it is
possible, when computing this sum, to restrict the
coupling parameter* to the linear terms. Therefore,
we retain in the indicated sum only those terms
that correspond to nearest neighbors. The remain-
ing terms contain terms of a higher degree of
smallness relative to the coupling parameter. Under
these assumptions, the unknown sum can be put
into the form:

Mexp {iq (Ry— Res)} (24)
xS+X's’'
X (Vim— V&) (VX5* — VX

* The coupling parameter can be chosen, for example ,
in the same way as in reference 6.
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s
~ exp (@R N(Vin Vin — Vim Vin).
k=1 xXs
Here the summation over s, ¥ 's’ is divided
into a sum in which R, =R, - Ry s is con-
stant. The summation over k is carried over all
z nearest neighbors of a given site ys. At this
site y's' is determined by the assignment of

xs and k. The sum

D (Vi Vi = Vi Vi
S
depends only upon the kind of site y and ){ .
Introducing the probability pi’ D) of the displace-
ment of neighboring sites of type j and I(j,l = 1,2)
to atoms « and SBrespectively, («,8= A,B), the
indicated sum can be transformed to the form:

(Vi VT — Vi, Vi (25)

i)y %7 x;. i) v /X7 X;'
= N [Pg\]A) VAjn.-n Vanm + p(A]B) VA]nm Venm

AR YT BR T DU e
+ PBA VBnm VAnm + pr) VBixm VBlmn

X

- -
—_ (p(Aj) Vanm + Pfsj) VBfun)

Xre

(povi, & sV ],

Here it is understood that the site numbers y and '
refer,respectively, to sites of the type j and l. By
introducing the values €’/, which are determined

by the relation

' = p{d — PP = pid — PPk (26)
= — (PR — PPR) = — (W — PPPY),
Eq. (25) takes on the simpler form:
2(Vin Vi — Vim Vim) @7)
S

= — N'eil (V:{zm - Vg{m)

X1 *
(VAnm -
’ ’
Xj X[ » X *

In the last equation (V:{tm - VBnm) (VAnm - VBnm)
is replaced by A,,, which is correct only to the
third order of the TVA - Vg | terms. Performing

1 °) ~ — N'e'Anm.

Bnm
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the summations over yand & in Eq. (24) and
taking into account Eq. (27), we obtain the follow-
ing expression for Eq. (24)

D exp {iq (Ry —

xSt x's' Rx's’)} (Vx"f" - 17)[’;;) (28)
N z,
(Vin" — Vim) = — [le“ ) cos goRp,

Ryl

4+ Npe?? 2 cos qoRg,

Ry=1

Zs
+ 2N D) cos qBRk,J Anm.

ky=1

Here N L= VN is the number of sites of the first
type, N_ = (1- v) N is the number of sites of the
second iind, z, is the number of sites of the first
kind, adjacent to the sites of the first kind, z,is
the number of sites of the second kind adjacent to
the sites of the second kind, and 2, is‘the number
of sites of the second kind adjacent to the sites of
the first kind.

f q is sufficiently small, such that for all &

Ry < 1, (29)

then on the basis of Egs. (18), (22), and (28), the
quadratic modulus of the matrix element |V, | 2

equals

| Vi > = @umf (¢, 1, €), (30)
where

Anm = NENAnm, (31)

(61 ) = e — =
— (1 —v) 28%2 — Qvzget?

and € denotes the set of values €11, €22 and
€12 . Here the coefficients, a,,.» correct to the
terms of the highest (third) order of smallness
relative to the |V, -V |, do not depend upon

¢, 1, and ¢, i.e., they are single valued for all the
quantum transitions. The latter case is essential-
ly for what follows. In the case of the one elec-
tron approximation, inequalities similar to (29) are
satisfied for all the quantum transitions in the
case of ‘‘poor metals”, i.e., of metals with a small
number of valence electrons. If the number of va-
lence electrons is large and the quantum transi-
tions, for which the condition (29) is not fulfilled,
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play an essential role, then the coupling correc-
tion in Eq. (30) and (31) is too large in absolute
magnitude. However,the basic contribution to the
quadratic modulus of the matrix elements |V “oml

is the term (22), the calculation of which does not
have a bearing on the condition (29) of small q.
Therefore, without the coupling calculations in the
alloy, Eq. (30) is correct for any q.

3. CALCULATION OF THE RESIDUAL RESISTIVITY

The average value of the electron current densi-
ty can be determined by the equation:

= Z Wnml nm, (32)
nm

where the series of values «__introduces the
matrix density, formulated by the wave functions
Y p» which are determined by Eq. (4), and I, is
the matrix element of the current density operator.
In the absence of an electric field, the average
electron current density equals zero, i.e.,

=0,

0
2l om (33)
nm
where w? designates the matrix density without

the external field. If a large field F is applied to
the metal, then the matrix element w__ can be
written in the form:

J— 0
wnm = wnm + Awnm»

(34)

while the average current density equals

[ = D\ AWnnl -

~ (35)

The values of Aw, ~ are determined from the
stationary condition, which requires

AWam/dt = 0. (36)

in order that the matrix density does not change
with time. Further, as in the derivation of the
kinetic equation, we take into consideration the
fact that the system of electrons exists in states
of dynamic equilibrium, and the value of @ __
change because of the presence of the fiel('i, also
because of the diffusion of electrons on heteroge-
neities combined with an incompletely ordered
distribution in an alloy of two types of atoms. The
transformation of w  per unit of time is some
function of the field as a consequence of the first
reason. The decomposition of this function into
a power series in F does not include the zero
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order and can be written in the following form:

(aw"’"/at)field =OpmF + . .. (37)
Since, according to Egs. (30) and (31), the proba-
bilities of any quantum transitions are propor-
tional to the same function f(¢, 7, €), then the
change in @ __ per unit time, connected with the
heterogeneities of the alloy, is also proportional
to this function:

(0@ nm[0t)altoy = humf (¢, 7, €), (38)
where A in the assumed approximation
(|Va- VB'T small) does not depend upon c,7, or €
The coefficients A ,, , appear as functions of the
matrix elements of the Sensity operator. The
separation of these coefficients into a series in
increments of Aw  has the form:

ham = D PpramAWor + . . .
" pzr“ ? (39)

Here the zeroth order term is zero, since in the
absence of an electric field, Eq. (38) reduces to
zero. From Egs. (36), (37), (38), and (39), we
obtain a system of equations for the determination

of the values of Awpr:

f(C, Ny E) 2 P‘prnmA'wpr + apnF = 0.

pl’

(40)

Here the higher order terms of the decompositions
(37) and (39) are rejected, which is justified for
not too large fields, when Ohm’s law is obeyed.
The solution of the system of equations (40) has
the form:

F

Apr = Cor 7y

(41)
Substituting the solution into Eq. (35), we obtain
the final expression for the average density of
electric current

F
1= 7@ 2l (42)

Hence, the residual resistivity of the alloy equals

o =Af(c, , ¢), (43)
where the constant 4 does not depend upon ¢,
7, or €.

It is evident,from Eq. (43), that the many elec-
tron theory, once the condition (29) is satisfied
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leads to a similar relation for the residual resist-
ivity for a compound alloy, the degree of the
distant order, and correlation in the alloy, as does
the one electron approximation. According to this,
the coefficient 4, proportional to |V, - V5 | 2 in
the many electron theory, determines the same
parameter as it does in the one electron theory.
Equation (31) for f (c,n,€) takes a special
form in the two cases:
1. For an inhomogeneous alloy, 7 = 0 and the
function f(c,7,€) equals

Jle, &) =05 — ze. (44)
Here the value of €, determined by Eq. (26),is the
same in an inhomogeneous alloy, for any neigh-
boring sites, regardless of type, and z is the
coordination number. The meaning of € can be
estimated with the aid of the statistical theory
of conduction, taking into account the interaction
only between nearest neighbors. According to
Lifshitz® € equals '
e = Cich

|

i (49)

x_;
~

correct to the quadratic terms relative to W/kT,
where the energy of ordering W =2|v,p|-|v,, |-
|vgg| (v, g is the energy of interaction of
nelgﬂboring atoms « and J.

Equations (44) and (43), with € = 0, change to the
corresponding equations in reference 1, not taking
into account the coupling in the alloy. From the
Egs. (43), (44), and (45), it follows that the cou-
pling (of nearest neighbors) diminishes the residu-
al resistivity of ordered alloys (W > 0) and in-
creases the residual resistivity of disordered
alloys (W <0). The effect of the nearest neighbor
increases with a drop in the temperature T, at
which the alloy was quenched. For given temper-
atures the coupling calculation gives a much
larger correction to the electroresistivity, the
nearer the composition of the alloys to the stoichi-
ometric. We note that the correction of p o corres-
ponding to the coupling calculation, is perhaps
much too large. For example, at ¢, = c, = %,
W/ET = 1/z ( the temperature T is four times
greater than the ordering temperature), the coupling
diminishes in ordered alloys (in the case of ‘‘poor
metals’’) by 25 per cent. (In the case of metals,
in which the number of current carriers is not
small, the coupling appears less influenced by
the ordering). It would be interesting experiment-

SI. M. Lifshitz, J. Exper. Theoret. Phys. USSR 9,
481 (1939)
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ally to find the effect of nearest neighbors on the
residual resistivity of alloys and to investigate
this effect at different temperatures of annealing
and different systems of alloys.

It should be noted that the reduced equations
(44) and (45) cease to be correct at temperatures
approximating the ordering temperatures, in which
case the correction term z€ in Eq. (44) proves to
be fairly large. In this case, it is not possible to
restrict oneself to the linear terms relative to
W/kT. The coupling not only between near neigh-
bors must be considered.

2. In the case of the ordered alloy, in which
each site is surrounded by neighboring sites only
of a different type ( for example, in alloys with a
volume centered cubic. latticé type, [3- brass, alloys
with a simple cubic lattice, etc.) €ll= €22= 0,
v=4, zZ, =z and the function f (c,n, €) can be
written in the form:

f(cy M, E) = €103 — 72'“2 - 2,’812. (46)
In this case the value of €!2in the approximation
of nearest neighbors similar to Eq. (45), is equal to
€% = (c2 — y242) (c2 — 1292) :—Z—I; . 47)

with exactness to the quadratic terms relative to
to W/kT. Equation (46) is accurate only at tem-
peratures considerably lower than the annealing
temperature, for 7 close to unity, when the
eorrection z€!? is small. If it is assumed in this
equation that €12 =0, then Eq. (43) converts to
the appropriate expression of reference 2. In the
general case, the expression for p in reference 2
results from Egs. (43).and (31) when € ¥ =0.

In conclusion, we wish express our deep
thanks to Prof. A. A. Smirnov for the repeated
discussions of the article and his valuable advice.

g‘ranslated by D. F. Edwards



