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The Coulomb repulsion of the protons, as can
be seen from (7), significantly diminishes the
spectrum of mesons near the upper limit as com-
pared with the cases considered above. As in
the case of two neutrons the spins of the protons
are anti-parallel and the cross section is indepen-
dent of the direction of the vector Pn.

5. The differential cross section 0, in the
center of the mass system for the absorption of

mesons by the deuteron is easily connected with
the cross section g, , using the principle of
detailed balance. A simple calculation gives
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A generalization of De Broglie’s theory of fusion is given, which holds for infinite-dimen-

sional as well as finite-dimensional wave equations.

I N de Broglie’s theory of fusion, which general-
izes the idea of the neutrino theory of light *, a
method of constructing particles with higher spin
from particles with spin 1/2 was indicated “.

In the present work, a point of view somewhat
more general than the theory of fusion is proposed.
The problem is formulated as follows: Consider
two relativistically invariant equations, infinite-
dimensional in general,

1 2
08 g —0, @US 4wy o, @
They will generate two reducible representations
of the Lorentz group 7D and 7P 1t is required
to find the invariant equation corresponding to the
Kronecker product (7D % 7). o our arguments,
we will use the results and notation of the work of
Gel’fand and Iaglom 3,

1 A. A. Sokolov, J. Exper. Theoret. Phys. USSR 7,
1055 (1937)

2L. De roglie, Théorie générale des particules a
spin (m€thode de fusion), Paris, 1943

3 1. Gel’fand and A. Iaglom, J. Exper. Theoret. Phys.
USSR 18, 703 {1948)

1. For the following, we need the reduction
formula for the direct product of two irreducible
representations of the Lorentz group. The infini-
tesimal representation of the group is determined
by the operators F¥ F~, FO H* H~, HO. Their
form for irreducible representations is given by
numbers k. k13. If k,, k, are simultaneously in-
tegral or half integral real numbers, and ky <k,
then the representations are finite-dimensional.

The space of the representation is given by ba-
sis vectors £, where the total momentum £,
appearing as the weight of the sub-group of rota-
tions HY, H™, H?, runs through the series of num-
bers (k =k, ky +1,k,+2, . . .). In the finite-
dimensionaf case, the sequence k breaks off at
k=ky-1(p=Fk, k-1, . — k). It is not diffi-
cult to prove that the infinitesimal representations
of the group,7,, have two scalar operators A, and

A, which commute with every operator of the
representation and have the form

A, = F*F~ 4 F* — H*H- — H* _ 9iHo_
Ay = 2F°HO + F*H~ 4+ F-H*. @

These operators are given by the formulas
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Aty = (ko4 k3 —1)8}, 2

Aoth = 20 (koky)Ep.

The vectors f(l)kl f(z)k2 »written in lexico-
. Py Po

graphic order

EVpe % <ERECh, i

k1<l1 or klzll» k2<l2)'

form a basis for the space of the product repre-
sentation .

As is easily proved, the commutators among the
operators A}, A,, given in (2), and the known
scalar operator of the sub-group of rotations
TH2 4+ k(E+1)] f’;= 0, written in the basis

‘f(l)l;% 5(2)52 are simultaneously reduced to
diagoral form by a matrix T. In the general
case, T has the form: T = AC where C is a matrix

whose elements are finite-dimensional matrices
ky+ko~ Al ;
1 2 .
1 Cpl Py indexed by the parameters k, k.
C:f{ ;2]‘2 -A denotes a Clebsch-Gordon coeffi-

cient 4 4 is a matrix commuting with # 2, ( The
particular form of 4 has to be determined for each
separate case.) Hence, we have Ai = T—‘IAIT and

A; = T"'A,T, where A{ and A; are diagonal
matrices.

From the proper values A{ and Aj, we get,
using formula (2), the weights ( kp ED =7
of the representations into which (74D x 71,,2)) re-
duces. The reduction works also for the infinite-
dimensional case, but may be written especially

simply in the case of finite-dimensional represen-
tations:

[(kokr) X (kok1)] = (ko + ko, by + ki —1) @)
(ko4 ko + 1, By kK —2) + (ko + ko —1,
by ki—2) + (ko + ko + 2, kit ki —3)
+ (ko + ko, k1 k1 —3)

(ko + kg — 2, ky+ ki —3) + ...

In the particular case in which (k%) and (k;%7)
are half integers, (3) coincides with a formula of
Cartan °. Finally, it is impossible, using the spi-

en Theoretische Methode
erlin, 1932

: 4vam der Waerden, Die Gru
in der Quanten Mechanik,

SE. Cartan, Legons sur la Theorie des Spineurs, Paris,

1938

nor formalism, to generalize the development of
Cartan to the infinite-dimensional cases.

2 With the use of this formula, we can solve
the problem posed above of constructing general-
ized equations for the product functions
(l/l(l) ¢(2)). The representations 71 and 7¢2)

are reduced into irreducible components AD ~

AD D e e L
Taking the product (7{1) » 7{2)), and using the

above mentioned reduction into irreducible repre-
sentations, we get a direct sum of irreducible
components 7,. We use a matrix T, whose elements
are the matrices || T'7, T l, given in the preceding

paragraph, where (7, i) are, as before, in lexico-

graphic order.
As basis for the space of ( 7J(11)X 7(22)), we take

the vectors gk,rconnected with the vectors

Dk 2
& )P {Tl «f( )p%7_2by the formula:
T?jz‘; pfn Ry = (1R, 2(2)172 R

R =
gl" 2 TPt S PSP
< kyka ) (4)
Tlti
Pykpi=p

Ii:, in the expression for the matrix T, we let
A =1, where [ is the unit matrix, we get from (4)
the ordinary Clebsch-Gordon reduction. The ex-
pansion obtained in (4) determines the fundamental

-matrix y,, giving the generalized equation for the

product functions:
10 = |[ Eerd pprdi [ (5)

the form of ¢%_+ is found in Gel’fand and

Iaglom 3. The quantity yo can be computed im-

mediately in the basis g ky EDky  from the
s P17 7 PaTy

known condition of Lorentz invariance

1° = [[\F°] F°]. (57
To do this, we represent y? in the form
orz(1)k, (2)k, — RiRs (1)k, (2)k,y
TR E i = B il O ()

T1Ts,

and use (5). Then we get 12 homogeneous equa-
tions relating the coefficients:

Ry +1k
g BEL L it @
T1TaT1Ts T1TaT1Ty TiTa TyTa ) -
ck,:tlk,:!—[l, c Ry k; ..
T Ty TiTy TyTaTy Ty

A somewhat tedious calculation shows that this
system of equations has non-trivial solutions only
when (7 '7'2)’ and(7"1 '7’2') are connected by one of
the following possible correspondences:
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(1 ’ ’
k()( )____ k(()l), k()(Z) — kE}?)’ kl(l)

=kVE1, BO =P 4

or

RO =k 11, 5P =P 41,

’(1 ’
ky )‘z D B — £,

or
kO =k 1, B =k,

(1 ’
Y =k, B =P 11,
or
'(1) ’
ko =k, k® = EP +1,

kl(l) — kgl) i 1’ kll(z.) — k;_2),

that is when (7} 75) and (7} 75) are “linked”’ in
pairs.

3. We now note the connection between the
generalized equations for product functions, given
by the formulas (5) and (5') and the equations of

the theory of De Broglie 2. We con_sider the par-
ticular case of the fusion of two identical finite

dimensional equations, whose matrices y? are in
diagonal form. Then the matrix BO determined by
(5) and (5'), can be expressed in the form

Bo =1 (y°I" +7°'1);

y? and y? are labeled with different sets of in-
dices; [ and /" are the corresponding unit matrices.
In this case, the proper values p; of the matrix
B° are subject to the condition py= 17207+ )\].)

: 0
((\, A; are the proper values of the matrix y°);
distinct y; correspond to distinct pairs Ay, A.. The
condition (8) gives the well known representation
of the theory of De Broglie 2.

Thus it is proved that the equations of De Brog-
lie’s theory of fusion are obtained from our gener-
alized equations for product functions, while the
fusion condition, introduced in (2) is not used in
this derivation. As is proved in (2), De Broglie
equations consisting of different spins are reduc-
ible in the absence of external fields.

As an example, we consider the fusion of two
spinor equations, appearing in the basic theory of
De Broglie. As is proved in reference 3, the Dirac
equation is given by the representation (-1/2,
3/2)=(1/2, 3/2) where yo has the form:

0100
00
00

8

— O

1
[+ J—
T=lo

0010

Multiplying the representations and using the

reduction formula (3), we get the following irre-
ducible representations (0 1), (0 1), (0 2), (0 2),
(=1 2), (1 2). In order that the matrix y0 corre-
sponding to this representation be reduced to
diagonal form while the energy remains positive in
agreement with the theorem of Pauli © it is neces-
sary to represent the irreducible components in the
form

(—12)=(02)=(12)~1,
(01)=(02)~2,
(01)~3.

Thus, the equation for the product functions splits
into two equations: a ten dimensional equation giv-
ing representations 1, and a five-dimensional giv-
ing representations 2. The representation 3 yields
the trivial one-dimensional equation.

It is easily shown that the resulting equations
coincide with the equations of Duffin®, As is well
known, those equations describe particles with
spin 1 or 0, and their matrices satisfy the relation
(8). It is easy to see that the possibility of more
general schemes of ‘‘coupled’’ irreducible repre-
sentations gives irreducible equations. Here the
energy will be positive definite only if supple-
mentary conditions are imposed. In that case the
equations also describe particles with spin 1 and
0.

We note that in the corresponding generalized
equations for product functions consisting of dif-
ferent spins, in general, no reduction takes place,
even in the absence of external fields; this follows
from (3). This mixing of components can be in-
terpreted as the existence of internal interaction in
the “‘product’’ particles.

The new type of interaction proposed in the
present work differs from ordinary interactions in
that internal interaction connects the component
irreducible representations of the Lorentz group,
but not, as in the usual case, the components of
the yY-functions. Thus, there appears to be a pos-
sibility of giving the structure of elementary par-
tticles on the basis of representations of the
Lorentz group, infinite dimensional ones in gen-
eral. The connection between internal interaction
and positive definiteness conditions has been con-
sidered in the same way in the work of Gurevitch 8,
It is necessary to remark, that in the theory of
De Broglie, particles of higher spin are described

by reducible equations, which are represented some-

SW. Pauli, Revs. Mod. Phys. 13, 203 ( 1941)

8A. Gurevitch, J. Exper. Theoret. Phys. 24, 149
(1953)
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what artificially from the point of view of Gel’-
fand and laglom’s theory of particles of higher
spin. It is proposed that the consideration of the
problem in the infinite-dimensional case can be
connected with the general theory of non-local

Translated by A. S. Wightman
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fields, giving vectors in hilbert space?.
In conclusion, I want to express my thanks to
Professor D. D. Tvanenko for a series of re-

marks and numerous discussions of the results
of this work.

7D. Ivanenko and A. Sokolov, Klassische Feld.
Theorie, Berlin (1953)
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The problem of pl;o(i)ogation of longitudinal waves in a plasma under given boundary condi-

tions is solved. A ¢
obtained.

1. INTRODUCTION

IN studying the processes discovered by Lang-
muir, of vibrations in a plasma which arise be-
cause of the Coulomb interaction of charged part-
icles, one usually considers only the motion of the
electrons. The method proposed by Vlasovl for
investigating specific electrical properties of
plasma--the self-consistent field method--basically
is applied only to them. Because of their large mass,
the ions are considered as a positive background
having no effect on the vibration of the electrons.

It is true that recently the necessity for consid-
ering ionic vibrations has been pointed out in
several papers2°* However, no detailed investi-

gations like. those for electrons®’® exist in the

1A. A. Vlasov, J. Exper. Theoret. Phys. USSR 8, 291
(1938); Scientific Reports, Moscow State University 75,
Book II, part I (1945); Theory of Many Particles, State
Publishing House, (1950)

2(G. Ia. Miakishev, Dissertation, Moscow State University,
(1952) :

3M. E. Gertzenshtein, J. Exper. Theoret. Phys. USSR 23,
669 (1952)

4V. P. Silin, J. Exper. Theoret. Phys. USSR 23, 649
(1952)

5D. Bohm and E. P. Gross, Phys. Rev. 75, 1851, 1864,
(1949)

$Yu. L. Klimontovich, Dissertation, Moscow State
University (1951); J. Exper. Theoret. Phys. USSR 21,
1284, 1292 (1951)

ispersion’’ equation which takes into account motion of the ions is

literature*.

Ions can play a significantrole in the vibrational
properties of a plasma. In fact, since the mean free
paths of electrons and ions are comparable, the
squares of their transitional velocities areinversely
proportional to their masses M/m. Therefore, during
the passage of electrons and ions through aregion
of varying potential (an oscillating electrical double
layer,etc.) the amplitude of vibration of the ions may
turn out to be comparable to that of the electrons or
even to exceed it, if the time for traversal of the
region is smaller than the period of the variable po-
tential. This behavior is clear, since the time for
traversal of the region by the ions is M/m greater
than for the electrons, although the acceleration
given to the ion is a factor m/M smaller than that
of an electron.

The ions play a special role when we consider
the peculiar auto-oscillation process in Flasma which
leads to the possibility for occurrence of practically
undamped waves, despite the occurrence of colli-
sions3, The presence of two streams of charged

particles (electrons and ions) with different veloci-
ties results in the appearance of undamped oscilla-
tions if the losses ofpenergy from the wave due to
collisions are compensated by a transfer of energy
from the directed motion to the wave via the
Coulomb interaction of the two particle streams.

A rigorous solution of the problem of longitudinal
lasma oscillations (not considering the ions or col-
fisions) was given in a paper of Landau38 for the case

where the initial deviation of the distribu-

-
* We consider the paper of Bazarov [e.g., see

I. P. Bazarov, J. Exper. Theoret. Phys. USSR 21, 711
(1951)], which investigates the effect of the ions on the
propagation of longitudinal waves in a plasma, to be
unsatisfactory . In particular, in deriving the initial
dispersion equation which is the basis of the investi-
gation, an algebraic error is made as a result of which
electronic and ionic terms which are proportional to the

square of the charge have different signs in Bazarov’s
equation.

8L. D. Landau, J. Exper. Theoret. Phys. USSR 16, 574
(1946)



